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ABSTRACT

Turn-based discounted-sum games are two-player zero-sum games
played on finite directed graphs. The vertices of the graph are par-
titioned between player 1 and player 2. Plays are infinite walks on
the graph where the next vertex is decided by a player that owns
the current vertex. Each edge is assigned an integer weight and
the payoff of a play is the discounted-sum of the weights of the
play. The goal of player 1 is to maximize the discounted-sum payoff
against the adversarial player 2. These games lie in NP N coNP
and are among the rare combinatorial problems that belong to this
complexity class and the existence of a polynomial-time algorithm
is a major open question. Since breaking the general exponential
barrier has been a challenging problem, faster parameterized algo-
rithms have been considered. If the discount factor is expressed in
unary, then discounted-sum games can be solved in polynomial
time. However, if the discount factor is arbitrary (or expressed in bi-
nary), but the weights are in unary, none of the existing approaches
yield a sub-exponential bound. Our main result is a new analysis
technique for a classical algorithm (namely, the strategy iteration
algorithm) that present a new runtime bound which is nO(WI/4 \/ﬁ),
for game graphs with n vertices and absolute weights of at most
W. In particular, our result yields a deterministic sub-exponential
bound for games with weights that are constant or represented in

unary.

ACM Reference Format:

Ali Asadi, Krishnendu Chatterjee, Raimundo Saona, and Jakub Svoboda.
2024. Deterministic Sub-exponential Algorithm for Discounted-sum Games
with Unary Weights. In 39th Annual ACM/IEEE Symposium on Logic in
Computer Science (LICS °24), July 8—11, 2024, Tallinn, Estonia. ACM, New
York, NY, USA, 12 pages. https://doi.org/10.1145/3661814.3662080

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. Copyrights for components of this work owned by others than the
author(s) must be honored. Abstracting with credit is permitted. To copy otherwise, or
republish, to post on servers or to redistribute to lists, requires prior specific permission
and/or a fee. Request permissions from permissions@acm.org.

LICS °24, July 8-11, 2024, Tallinn, Estonia

© 2024 Copyright held by the owner/author(s). Publication rights licensed to ACM.
ACM ISBN 979-8-4007-0660-8/24/07...$15.00

https://doi.org/10.1145/3661814.3662080

Krishnendu Chatterjee
ISTA
Klosterneuburg, Austria
krishnendu.chatterjee@ist.ac.at

Jakub Svoboda
ISTA
Klosterneuburg, Austria
jakub.svoboda@ist.ac.at

1 INTRODUCTION

Turn-based discounted-sum games. Turn-based graph games [8, 23]
are two-player infinite-duration zero-sum games played on a finite
directed graph. The vertex set is partitioned into player-1 and player-
2 vertices. At player-1 and player-2 vertices, the respective player
chooses a successor vertex. Given an initial vertex, the repeated
interaction between the players generates an infinite walk (called
play) in the graph. Strategies (or policies) for players provide the
successor vertex choice at every player vertex. A payoff function
assigns a real value to every play. We consider a classical and well-
studied function: the discounted-sum payoff function [20, 31, 33].
Every edge of the graph is assigned an integer weight, and the
payoff of a play is the discounted-sum of the weights of the play.

Value problem: complexity and algorithm. The value at a vertex of
a discounted-sum game is the maximal payoff that player 1 can
ensure irrespective of the strategy choice of player 2. The deci-
sion problem associated with the value (i.e., whether the value of a
vertex is at least a given threshold) lies in NP N coNP (even UP N
coUP) [9, 14, 35]. This is among the rare combinatorial problems
that lie in NP N coNP and the existence of a polynomial-time al-
gorithm is a major and long-standing open problem. The classical
algorithmic approaches to compute the values of a discounted-
sum game are: (a) strategy iteration (or policy improvement) [20];
and (b) value iteration [4, 35]. The best-known worst-case bounds
for these algorithms are exponential time. There is a randomized
sub-exponential time algorithm to compute values [30] with the

expected running time of 20(¥) , where n is the number of vertices,
and O(-) hides polylogarithmic factors.

Related game problems on directed graphs. There are interesting
related problems for games on directed graphs, namely, parity
games [18] and mean-payoff games [17, 24, 35]. Parity games
and mean-payoff games also lie in NP N coNP [18] (even UP N
coUP [26]), and the existence of polynomial-time algorithms are
major open problems. Parity games admit linear-time reduction to
mean-payoff games [26] and mean-payoff games admit linear-time
reduction to discounted-sum games [35]. However, reductions in
the converse direction are not known. For parity games, several
important algorithmic improvements have been achieved. In partic-
ular, deterministic sub-exponential time algorithm [28] and deter-
ministic quasi-polynomial time algorithm [7], that break the exist-
ing exponential-time barrier. No similar algorithmic improvements
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have been achieved for mean-payoff games and discounted-sum
games. Indeed, no deterministic sub-exponential time algorithm is
known for mean-payoff or discounted-sum games.

Parameterized algorithms and open problem. Given that the algo-
rithmic improvements for discounted-sum games have been rare,
it is natural to consider faster parameterized algorithms. The nat-
ural restriction to consider is the representation of the numbers
related to discounted-sum games. There are two sources of num-
bers related to discounted-sum games: (a) the weights; and (b) the
discount factor. The results of [25] establish, that if the discount
factor is constant, then the strategy iteration algorithm runs in
polynomial time (this result holds even in games with stochastic
transitions [25]). However, when the discount factor is arbitrary but
the weight function is expressed in unary, no better bound than the
exponential bound is known, and the existence of a deterministic
sub-exponential algorithm is an important open problem.

Motivation. While the problem of discounted-sum games with unary
weights is theoretically interesting, there are practical motivations
as well. Game graphs are models of reactive systems, where vertices
represent states of the system, edges represent transitions, and play-
ers represent agents controlling different transitions. In analysis
of reactive systems, small/constant weights are natural, e.g., when
there are good and bad events and weights represent the relative im-
portance of the good and bad events [10, 12]. Since discounted-sum
objectives are studied in reactive systems analysis [15], improved
algorithm for such games are of practical relevance along with their
theoretical importance.

Our result. In this work, our main result answers the above open
question. We present an improved analysis of the strategy itera-
tion algorithm and show that, given a discounted-sum game with
n vertices and absolute weights at most W, the running time is

o(w

n ( \/;1) Hence, if the weights are constant or represented in
unary, then the algorithm is a deterministic sub-exponential time
algorithm.

Technical contributions. We first present new bounds on the roots
of polynomials with bounded integer coefficients. We show a sub-
exponential lower bound and two upper bounds for the roots of
polynomials: (i) a non-constructive sub-exponential upper bound;
and (ii) an explicit quasi-polynomial upper bound. Our key insight
is to associate all strategy profiles in discounted-sum games with
rational polynomial functions with bounded integer coefficients.
This main technical contribution establishes a connection between
the lower bound for the polynomials and the running time analysis
of the strategy iteration algorithm. To the best of our knowledge,
such a connection has not been established before. Given the con-
nection and our bounds on the roots of polynomials, we establish an
improved running time analysis of the strategy iteration algorithm
for discounted-sum games. Section 4 presents the results on bounds
on the roots of polynomials and Section 5 presents the key insights
of analysis of strategy iteration algorithm using results of Section 4.

Related works. The algorithmic study of discounted-sum, mean-
payoff, and parity games have received significant attention. Below

we summarize some related works.
e Parity games. There has been a significant progress in the
study of parity games. While the classical algorithms [18, 34]
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has exponential worst-case complexity, faster exponential-
time algorithms were achieved [27, 32], and then determinis-
tic sub-exponential [28] and deterministic quasi-polynomial
time algorithms [7] were obtained. However, extending the
algorithmic bounds from parity games to mean-payoff or
discounted-sum games has been a major open question.
Mean-payoff games. The algorithmic aspects of mean-payoff
games has also been studied in several works [6, 16, 17, 24,
35]. All these algorithms have an exponential worst-case
complexity. However, the classical value iteration algorithm
is pseudo-polynomial and runs in polynomial time if the
weights are expressed in unary.

Discounted-sum games. The value iteration algorithm for
discounted-sum games has been studied in [4, 35], and the
strategy iteration algorithm has been studied in [25]. While
the worst-case bound for the algorithms is exponential, if the
discount-factor is constant, these algorithms run in polyno-
mial time [4, 25]. The value iteration and strategy iteration
algorithms have an explicit dependence on the discount fac-
tor. An algorithm that does not depend on the discount factor
is presented in [29], which is inspired by the algorithm of [16]
for mean-payoff games. This algorithm has a complexity of

o ((2 + \/E)") and is exponential without any dependence

on the weights or discount factor.

Stochastic games. Discounted-sum games admit a linear re-
duction to stochastic games with reachability objectives [35],
which are games with stochastic transitions. The algorith-
mic study of stochastic games has been considered in several
works [13, 14, 30]. However, even stochastic games with 0
and 1 weights are as hard as stochastic games with general
weights [2, 14], i.e., parameterization by the weights is not
useful.

In summary, none of the existing approaches break the long-
standing exponential barrier for discounted-sum games with
weights in unary and we present the first deterministic sub-
exponential bound.

2 PRELIMINARIES

We present standard notations and definitions related to turn-based
games, similar to [11, 34].

Turn-based games. A turn-based game (TBG) is a two-player
finite game G = (V = V; U V,, E) consisting of a finite graph with
o the set of vertices V, of size n, partitioned into player-1 ver-
tices V7 and player-2 vertices V,; and
o the set of edges E C V X V, of size m, such that for allv € V,
the set E(v) := {u | (v,u) € E} is non-empty.

Steps and plays. Given an initial vertex vy € V, the game proceeds
as follows. In each step, the player who owns the current vertex
v chooses the next vertex from the set E(v). A play is an infinite
sequence of vertices w = (vg, v1, . ..) such that, for every step t > 0,
the vertex vs41 € E(v;). We denote by Q the set of all plays, and by
Q, the set of all plays w = (v, v1, . ..) where v = v.

Discounted-payoff objectives. We consider TBGs with a weight
or reward function r: E — Z that assigns a reward value r(v, u)
for all edges (v,u) € E. We denote the largest absolute reward
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by W = max{|r(v,u)| | (v,u) € E}. For a play w = (v, v1,...)
and a discount factor A € [0, 1), the discounted-payoff (or simply
payoff) is denoted by Discy (®) = 3;» A7 (v, vis1). The objective
of player 1 is to maximize the payoff, while player 2 minimizes the
payoff.

Positional strategies. Strategies are recipes that specify how to
choose the next vertex. A positional strategy o: Vi — V for player 1
(resp. T: Vo — V for player 2) is a strategy which chooses a ver-
tex o(v) € E(v) whenever the play visits vertex v. A strategy pro-
file (o, 7) is a pair of strategies for both players. We denote by ¥
and T'* the set of all positional strategies for player 1 and player 2,
respectively. In general, strategies can depend on past history and
not only the current vertex. However, for discounted-sum objec-
tive, positional strategies are as powerful as general strategies [14].
Hence, in the sequel, every strategy is positional.

Lasso-shaped plays given strategies in TBGs. We define G°
as the restricted game where player 1 follows the strategy o. We
define G* and G°7 similarly. Note that once both players have
fixed their strategies we obtain a graph where each vertex has
exactly one outgoing edge. Given an initial vertex v, we obtain a
play Gg** = (vg,01,...) such that vy = v, and for any step ¢t > 0,
vp1 = o(vy) if vy € Vp; and 0441 = 7(v;) otherwise. In other words,
given strategies o and 7, the obtained play Gy°* is a lasso-shaped
play that consists in a finite cycle-free path £ = (vo,...,0p-1)
followed by a simple cycle C := (vp, ..., 0p+c—1) repeated forever.

Notation. For simplicity, we denote by Disc) (G°°") a vector whose v-
th coordinate is the discounted payoff for vertex v, i.e., Disc; (Gg'").

We recall the fundamental determinacy in positional strategies
for TBGs with discounted-payoff objectives.

THEOREM 2.1 ([14]). For all TBGs G, vertices v, reward functions,

and discount factors A € [0, 1), we have

max min Discy (Gg°*) = min max Discy (Gg'") .

oexP rer? rel’? gexP
Value and optimal strategies. Theorem 2.1 implies that switching
the quantification order of positional strategies does not make a
difference and leads to the unique notion of value, defined for a
vertex v as

valy (v) == max min Discy (Gg'") .
oexP rerf

A strategy o for player 1 is optimal if, for all vertices v € V, we
have that

min Disc; (Gg**) = valy (v) .
rel'P

The notion of optimal strategies for player 2 is defined analogously.
Optimal strategies are guaranteed to exist for both players (Theo-
rem 2.1). Therefore, restricting the attention to positional strategies
does not change the notion of value.

Value problem. The value problem for turn-based discounted-sum
games is defined as follows

DiscVAL. Given a game G, a reward function r, and dis-
count factor A, compute the value function val,.

Three variants. There are three variants of the DiscVAL problem
with respect to the representation of r and A.
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e DiscVAL-BIN: Both the reward function r and the discount
factor A are given in binary.

e DiscVaL-Dun: The reward function r is given in binary but
the discount factor A is given in unary.

o DiscVAL-WuUN: The reward function r is given in unary but
the discount factor A is given in binary.

3 OVERVIEW OF RESULTS

We discuss previous results from the literature and present our
main result.

Previous results. The two classical algorithms for DiscVAL are:
(a) Value Iteration (VI); and (b) Strategy Iteration (SI). Both algo-
rithms are iterative algorithms and the running time is a product
of two factors: (i) the number of iterations and (ii) the complexity
of every iteration. For both algorithms, the running time of every
iteration is polynomial: (a) O(m) for VI; and (b) O (mn? log m) for
SI [1]. The bounds on the number of iterations are as follows.

THEOREM 3.1. The following assertions hold:
o The VI algorithm solves Di1scVAL with O (% + n) itera-
tions [4, 35].
o The SI algorithm solves DISCVAL with O (% log %) itera-
tions [25].

Remark 3.1 (Implications). We discuss the implications of Theo-
rem 3.1 for the variants of DiscVAL.

e For DiscVAL-BIN, the above running times for VI and SI are
exponential.

e For DiscVAL-DuN, the above result shows that VI and SI run
in polynomial-time. Moreover, even for stochastic games
DiscVAL-DuN has polynomial-time upper bound [25].

e For DiscVAL-WUN, the current bounds for the above and
other existing algorithms do not break the exponential-time
barrier.

Lower bounds for SI. Lower bounds for SI have been an active re-
search topic. Exponential lower bound for SI for parity games was
established in [21], which was extended to other settings (such as
randomized pivoting algorithm) [22]. Moreover, some complexity
hardness result has also been established for SI (e.g., the decision
problem of whether SI modifies an edge is known to be PSPACE-
complete) [19].

Our result. In this work, in contrast to several lower bound re-
sults for SI in the literature, we present an improved running time
analysis for SI. Our main result for SI for DiscVAL is as follows.

THEOREM 3.2 (MAIN RESULT). The SI algorithm solves D1sc-

. O(WYiyn) | .
VAL with n ( \f> iterations.

Remark 3.2 (Implications). A key implication of our result is that
we obtain the first deterministic sub-exponential time algorithm
for DiscVAL-WuN. In fact, as long as W = O(n?~¢) for & > 0, we
obtain a deterministic sub-exponential algorithm for DiscVAL.

Overview. Our analysis focuses on the difference of values between
two lasso-shaped plays and uses a class of polynomials and the
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properties of their roots. In Section 4, we present the results related
to upper and lower bounds on the roots of polynomials. In Section 5,
we present the improved analysis of the SI algorithm by employing
the results of Section 4.

4 BOUNDS ON THE ROOTS OF POLYNOMIALS
WITH INTEGER COEFFICIENTS

In this section, we present some bounds on the roots of polynomials
with integer coefficients. For a polynomial of degree N with integer
coefficients bounded by W, we show that the roots of the polyno-
mial, which are not equal to 1, are at most sub—exponentially close
to 1in terms of N and W. This result is achieved by Theorem 4.2,
which is a generalization of [5]. We then present non-constructive
and constructive upper bounds on how close to 1 a root of the
polynomial can be.
Some illustrations of roots. In Figure 1a, we can observe the
distribution of all roots for polynomials of degree at most 5 with
integer coeflicients ranging from -4 to 4. Additionally, Figure 1b
illustrates the behavior of roots around 1.
Polynomials. A polynomial P of degree N with real coefficients
bounded by W is defined as

N

P(x) = Z aixt,

i=0
where |a;| < W and ay # 0. We denote by PX[V the set of all
polynomials of degree N with integer coefficients bounded by W.
We denote the degree of P by d(P). We say « is a root of P if
P(a) = 0. A root « is of order k if there exists a polynomial Q with
rational coefficients such that Q(a) # 0 and P(x) = Q(x)(x — a)¥.
In this work, we only consider roots that are real numbers.
Problem definition. The problem of the roots of a polynomial is
defined as follows.

Root-PoLy. Given two positive integers N and W, provide
lower and upper bounds on

inf{|1—a| |PePY P(a)=0,a# 1} .

Previous Works. Borwein et al. [5] presents an upper and lower
bound for a special variant of RooT-Pory problem. The main results
are summarized as follows.

THEOREM 4.1 ([5]). For a fixed non-negative integer k, the follow-
ing assertions hold:
e Lower bound. Consider a polynomial P of degree N with
{-1,0,+1} coefficients. If P has a root of order k at 1, then,
for all roots o # 1, we have

) . 4R+ (4 1)) 1
11-al2 (N+1)k+2 B Nk+3 |’

where c1 = c1(k) is independent of N.
e Upper bound. There exists a polynomial P of degree N with
{—1,0,+1} coefficients and a root & of P such that

2%(k+1)(k+4)+ ( ¢ )

—al <
|1 0[| - Nk+2 N2k+3
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where ¢ = ca(k) is independent of N.

Remark 4.1. Borwein et al. consider a class of polynomials with
{—1,0,+1} coefficients and a root of order k at 1. They present an
asymptotic upper and lower bound on this class of polynomials
when k is fixed, and N grows to infinity.

Our results. We generalize the work of Borwein et al. [5] to a class
of polynomials with integer coefficients bounded by W, and our
result is independent of k.

THEOREM 4.2. The following assertions hold:

(1) Sub-exponential lower bound. Consider a polynomial P of
degree at most N with integer coefficients bounded by W. For
all roots a # 1 of P, we have

| fwi/AVK |

1-al > .
ol QW (N +1) 7 W/ HVN+6

(2) Quasi-polynomial constructive upper bound. For a suffi-
ciently large positive integer N, we present an explicit polyno-
mial P of degree N with {—2,—1,0,+1,+2} coefficients and a
root a < 1 such that

- al <[] ) L]

(3) Sub-exponential nonconstructive upper bound. For a suffi-
ciently large positive integer N, there exists a polynomial P of
degree N with {-2,—1,0,+1,+2} coefficients and a root @ < 1
such that

/5|
-l <2 ([N - 1)‘3/2[ s

Section 4.1 proves the lower bound, and Section 4.2 proves the
upper bounds given in Theorem 4.2.

4.1 Lower bound

In this section, we show the lower bound on the roots of poly-
nomials with integer coefficients. The proof relies on two compo-
nents: (a) a lower bound for polynomials with a root of order k at 1
(Lemma 4.3); and (b) an upper bound on the order of 1 as a root
(Lemma 4.6). These results yield Theorem 4.2-(1).

LEMMA 4.3. Consider a polynomial P of degree at most N with
integer coefficients bounded by W. If P has a root of order at most k
at 1, then, for all roots a # 1, we have

(k+1)!

1—al > —————.
| | 2W(N + 1)k+2

Proor. Consider P = Z,{\io a;x*. We denote by P/ the j-th deriv-
ative of P. Note that

N .
; i
Pi(1) = iZj!(j)ai .
=j
It follows that P/(1) is an integer divisible by j!, and we have
IP()] < W(N+1)7*". 1)
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(a) All roots
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(b) Roots around 1

Figure 1: Real and complex roots of all polynomials of degree at most 5 with integer coefficients ranging from -4 to 4. The
horizontal axis is the real axis and the vertical axis is the imaginary axis. Roots of quadratic, cubic, quartic, and quintic
polynomials are in grey, cyan, red, and black, respectively. The big hole in the middle is centered at 0, and the second biggest

holes are at +1. (source: [3])

We consider the Taylor expansion of P around 1. We have

N .
P(x) = P(1) + Z #(x 1),
=

We know that P(1) = 0, P(a) = 0, and P/(1) = 0 for all j < k.

Without loss of generality, we assume
1
N+1’

otherwise the result follows immediately. By algebraic manipulation
and triangle inequality, we get

la —1] <

k N j
P |P{<!1>| a1k

!
k! j=k+1
N .
W (N + 1)/ i
< Y, ————la-1J7* (Eow. (1))
j=k+1 J:
N 1
k+2
<W(N+1 -1 — -1l <
SWN+) e -1 ) (|a |_N+1)
j=k+1
2W(N + 1)k+2 N 2
Grnr et 2 i k)
) j:k+1]' ’

We know that P¥ (1) # 0, is integer, and divisible by k!. Therefore,

k
L
k!
Hence,
k+1)!
_ (k+Dt <l|a-1],
2W (N + 1)k+2
which completes the proof. O

To prove an upper bound on the order of 1 as a root (Lemma 4.6),
we first present Chebyshev polynomials and their basic property,

and then, we present a lemma on the existence of a specific class of
polynomials (Lemma 4.5), and finally, we prove Lemma 4.6.

Chebyshev Polynomials. We denote by T; the Chebyshev poly-
nomial of degree t defined recursively as follows

(1) To(x) =1,

(2) Ti(x) =x,

(3) Tp1(x) = 2xTy(x) = Ty-1(x) .

LEMMA 4.4 (FOLKLORE). For a positive integer t, the Chebyshev
polynomial Ty satisfies that, for all 0 € R, we have T; (cos 0) = cos t6.

ProoF. We present the proof for completeness. The proof pro-
ceeds by induction.

Base case t = 0,1. We have Ty(cos6) = 1 and Ti(cos8) = cos 0,
which completes the case.

Induction caset > 1. We have
Tt+1(cos 0) = 2 cos 0T;(cos 0) — Ty—1(cos 6)
=2cosfcost — cos(t —1)0
=cos(t+1)0,
where in the first equality we use the definition of T;41, in the
second equality we use induction, and in the third equality we

use 2cosxcosy = cos(x + y) + cos(x — y), which concludes the
induction case and yields the result. O

LEMMA 4.5. For every positive integers N and W, there exists a
polynomial F of degree k where k > l%Wl/‘*\/ﬁJ + 4 such that

N
F(0) > WZ |F(i)|.
i=1

Proor. We define

= EWIM‘/N

p
+1 900 = 2Tl + ) T,
t=1
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where T; denotes the Chebyshev polynomial of degree ¢. Note that
g(1) =p+ % and for 0 < x < 7, we have

H
1
g(cosx) = 3 + IZ; cos tx

u
=R Zeitx) _

t=0

ei(y+1)x -1 )

[ SRS

Do | =

elx —1

ix ix  _ix
ez ez —e 2

i(p+l)x i(p+l)x _i(pt)x
e 2 e 2 —e 2
x ) .

N | =

ipx

2R (eT) sinw —sin 3

in X
Zsm2

n (#*'zl)x i X

BX o
2cos 5 st sin 5

ia X
ZsmE

an {5+ 1))

in X
Zsm2

sin ((;1+ %) x)

where in the first equality we use the definition of g(cosx), in
the second equality we use cosx = R (e’*), in the third equality
we use geometric sum, in the fourth equality we use algebraic
manipulation, in the fifth equality we use sinx = elx_zf , in the
sixth equality we use cosx = R (eix ), in the seventh equality we
use 2 cos x siny = sin(x +y) +sin(x — y), and in the eighth equality
we use sin? Z= H% Therefore, for all x € (-1, 1], we have

—ix

lg(x)| <

1
V21-x)

We define

Then, F is a polynomial of degree k. We show that

N
F(0) > W Z IF(i)] .
i=1
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Indeed, we have

N N (4i) 2 1
Wy |F()| < W (—) (I ( )IS—)
IZ‘ l Z‘ N 7 2(1-x)
N

WN? 1
= Z 7 (rearrange)
1

16

& 2

2

T 2 1
—WN - =—
<96 (Zﬂ 6)

i=1
4
<pt (u = {;W”“\/ﬁ + 1)
1\
< F(0), F(0) = (,u+ 5)
which concludes the proof. O

LEMMA 4.6. Consider a polynomial P of degree at most N with
integer coefficients bounded by W. If P has a root of order k at 1, then

e[S o

ProorF. Let P(x) = Zg\io aix’. Consider wlog that ag # 0. Indeed,
divide P by the monomial x until the first coefficient of the resulting
polynomial is not 0. Note that this operator does not change the
order of root at 1. We claim that for all polynomials F of degree
(k — 1), we have

N
Z aiF(i) = 0. @)
i=0
Indeed, let F(x) = Zf;ol bjxj. Then,
N N k-1 k-1 N '
ZaiF(i) = Za,- Z bjij = Z bj Zaii] .
i=0 i=0  j=0 j= i=0

Therefore, it is enough to show that if j < k, then Zfio aiil = 0.

Consider the operator (xg—x) Observe that

N

dP ;
X = Z(; ia;xt.
i=

Therefore, by applying this operator j times on P, we get a polyno-
mial Q = Zﬁio i/ a;x'. Note that Q has a root at 1, i.e.,

N

Q(l):Zijaizo.

i=0
Hence, for all polynomials F of degree (k — 1), we have

N

ZaiF(i) =0.

i=0
For the sake of contradiction, assume P has a root at 1 of order at
least

(o] 3]
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On the one hand, Lemma 4.5 shows that there exists a polynomial F
of degree (k — 1) such that

N
F(0) > Z WIE(®i)| .
i=1

On the other hand, we know that ag # 0. By Eqn. (2),
N

Z aiF(i) =0.

i=0

Therefore, by rearranging and triangle inequality, we get

N N
F(0) < laollF(O)] < )" laiF() < W Y IF(D),  (lail <W)
i=1 i=1

which contradicts with the property of polynomial F. Therefore,
the order of root at 1 of P is at most

ﬁwl/w

+4,

which concludes the proof. O

PRrROOF OF THEOREM 4.2-(1). By Lemma 4.6, we know that P has
aroot at 1 of order at most
. 4) .

[
By Lemma 4.3, for all roots a # 1 of P, we have
(| W /avR] +5):
| w1/aVN |+

[1—a| >

(Lemma 4.3)
2W(N +1)

| Ewi/aVN |

QW(N +1)F W/iVN+6

which concludes the proof. O

>

4.2 Upper bounds

In this section, we show two upper bounds on the roots of polynomi-
als with integer coefficients (Theorem 4.2-(2,3)). Given a polynomial
with a root of order k at 1, we construct a new polynomial with a
root close to 1 depending on k (Lemma 4.7). For constructive upper
bound, we present an explicit polynomial, and for nonconstructive
upper bound, we use the existence of a polynomial with a root at 1
of higher order than the previous case.

LEmMA 4.7. Consider a polynomial F with {—1,0,+1} coefficients
such that F(x) = (x — l)kf(x), where k is an integer greater or
equal to 9 and f is a polynomial with integer coefficients such that
f(1) # 0. For every positive integerd > (d(F) + 2)3/2, there exists
a polynomial P of degree (d (d(F) +2) — 1) with {-2,-1,0,+1, +2}
coefficients and a root a < 1 such that

1-al <2-d”k+2)

Proor. We define polynomial F (x) =
that the desired polynomial is given by

(x — 1)F(x). We claim

H(x) = I::(xd)

—xd
)+F(x).
- x
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We define

N:=d®(F)+1)+d-1.
Note that H is a polynomial of degree N with {-2,—-1,0,+1,+2}
coefficients and has a root of order k at 1. We show that H has a
root « < 1 such that

[1-a| <

dk+2
We take Taylor expansion of H around 1 and get
H(x) = (= DF [ £+ (= D71 (1) + (x = DA2F(1) + E(x)

where E(x) is the residue polynomial. It is enough to show that H
changes its sign in the interval

2
1_dkj’l s

which implies the existence of the desired root. The three key terms
are E(x), f(1), and f1(1). We bound these three terms to deduce
the existence of the desired root. Note that

0= 3 -1 "H“)

j=k+2

Therefore, for |x — 1| < m, we have

H/(1
|E(x)] < Z |x — 11/~ k' ( )l (triangle inequality)
j=k+2
_92(N + 1)/ . .
< Z e — 1k 2N DT (1 (01 < 207 + 1)7*1)
. J!
j=k+2
N 1
2 k+3
<2lx—13(N+1) Z 5 (|x—1|sN+l)
Jj=k+2
4(N +1)k*3 N 2
((kiz))' b =1 2 < T
' jokrz 7 '
We denote the sign function by sign(x) defined by
-1 ifx <0,
sign(x) =40 ifx=0,
1 ifx>0.

Without loss of generality, we consider f(1) > 1 (recall that f isa
polynomial with integer coefficients). We define

2
f=1- T
We claim that
sign (H(f)) = - hnll sign(H(x)) .
x—1"
It is enough to show that

lim _sign (f(l) +(x - DFID) + (x — D2 F(1) +E(x))
= —sign (£(1) + (B = D (1) + (B - D2F(1) +E(B))

Indeed, for the LHS, the term f(1) is dominating. Hence, we get
lim_sign (f(l) +(x = DY) + (x — DA F(1) + E(x)) - 1.
x—1"
®)
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For the RHS, we have

FO+B=Df () +(B-1)d*f(1) + E(f)

1
- e
1 k+3
< B - p - pp
—2fl(1 16(N + 1)k+3
= d{ﬁg ) _f(l) + (k(+2)!d)2k+4
-2f1(1) L, 16N+ 1)k+3
T gk+2 (k + 2)! d2k+4
B 2(b(F))k+2 . 16(N + 1)k+3
= dk 2 (k + 1)) (k +2)! d2k+4
.2 . 16N+ 1)k+3
~ (k+1)! (k +2)! d2k+4
S S
T (k+1)! (k+2)!
<0, 4)

where in the first equality we use the definition of f, in the first
inequality we use

4(N + 1)k+3

*+2) (B-1°,

E(p) <

in the second equality we again use the definition of f, in the second
inequality (1) > 1, in the third inequality we use

F @] _ (bR

1 —
Fl= (k+1)! = (k+1)°

in the fourth inequality we use d(F) < d, in the fifth equality we
use (N +1)3/° < d and 9 < k, and in the sixth inequality we again
use 9 < k. Therefore, we have

sign (£(1)+ (B = D (1) + (5= DA*2F(1) + E()) = -1.
By combining Eqns. (3) and (4), we get
Jim_sign(H(x)) = —sign (H(f)) .

Hence, by continuity of H, there exists a root a of polynomial H
such that

which concludes the proof. O

ProOF OF THEOREM 4.2-(2). Fix
M= {NZ/SJ ~3 d:= [(M+ 2)3/2] .

We define the polynomial

Llog M]-1
p o M-2lEMe 1_[
i=0

(xzi - 1) .

Note that P is a polynomial of degree M with {—1,0,+1} coefficients
and has a root of order |log M| at 1. By Lemma 4.7, there exists
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a polynomial Q of degree d(M + 2) — 1 with {-2,-1,0,+1,+2}
coefficients and a root a < 1 such that

2
l1-a< Jlog M1+ < Jlog M] (Lemma 4.7)
; — 3/2
= (M+2)%[logMJ (d_[(M+2) .|)
2 2/5
< , | M=|N -3
(|25 - 1)%Llog(LN2/5J—3)J ( l J )
which yields the result. O

For the nonconstructive upper bound, we recall a result of 5]
on the existence of polynomials with high order roots at 1.

LEmMMA 4.8 ([5, THEOREM 2.7]). For a positive integer N > 9, there
exists a polynomial P of degree N with {—1,0,+1} coefficients such
that P has a root at 1 of order

i)

Proor. We proceed with the proof by pigeonhole principle. Let
AN be the set of all polynomials of degree at most N with {0, 1}
coefficients. Given a positive integer k, for all polynomials Q € Ay,
we define the mapping Q — (Q(l),Ql(l), . ..,Qk’l(l)), where

Q/(1) is the j-th derivative of Q at 1. On one hand, the number of
different outputs of the mapping is at most

k-1
[ v+ (Eon. (1)
j=0

= (N + 1)kkHD/2

On the other hand, the number of polynomials in Ay, i.e., |[An| is
2N+l Therefore, if

(N+ 1)k(k+1)/2 < 2N+1 ,
then there exist two polynomials Q1, Q2 € AN such that for all
0 < j < k, we have Q{ (1) = Qé( 1), which implies that the polyno-

mial Q1 — Q2 has a root at 1 of order at least k. Observe that the
coefficients of the polynomial Q1 — Qy belong to the set {—1,0, +1}.

By setting k = ({, l%J - 2), we obtain (N+1)k(k+1)/2 < 2N+1),
which completes the proof. O

ProOF OF THEOREM 4.2-(3). Fix
M= N5 =3 di= [+ 22

By Lemma 4.8, there exists a polynomial P of degree M with
{-1,0,+1} coeflicients and a root at 1 of order

el
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By Lemma 4.7, there exists a polynomial Q of degree d(M +2) — 1
with {-2, -1, 0,+1,+2} coeflicients and a root « < 1 such that

2
1-a< { — J (Lemma 4.7)

LNV TogM

S — (d = [(M+ 2)3/2D
SN

2

< .| [IN?5]= ’ (M - {NZ/SJ B 3)

(Iv#s) =) N
which concludes the proof. O

5 IMPROVED ANALYSIS OF STRATEGY
ITERATION ALGORITHM FOR DISCVAL

In this section, we first define the basic notions related to the strat-
egy iteration algorithm (Section 5.1), then present the procedure
SI (Section 5.2), and finally, we analyze the time complexity of the
algorithm (Section 5.3).

5.1 Basic Notions

Best-response to a strategy. Given a discounted-payoff game G
with discount factor A and player-1 strategy o, the best-response to
o for player 2 is a strategy 7 such that for all strategies 7" € I’ and
all vertices v, we have

Disc) (Gg'*) < Disc, (Gg’T/) .

The existence of the best-response strategies follows from Theo-
rem 2.1.

Bellman strategy extractor. Given a discounted-payoff game G
with discount factor A and a function f: V' — R, Bellman strategy
extractor is defined as follows:

argmax,eg(y) ¥ (o, u) + Af(u), ifoeW

B (o) = {

argmingep(o) (o, u) + Af(u), ifo€V;

We assume that the ties are resolved independently of discount
factor, e.g., given a fixed indexing of vertices, choosing the vertex
with the least index.

Polynomials for a strategy profile. Given a discounted-payoff
game, a vertex v, and a strategy profile (o, 7), we define a pair of

polynomials (P, Q) with integer coefficients such that % is the
discounted value of play Gy'* when the discount factor is A. Given
strategies o and 7, the lasso-shaped play GJ** consists in a simple

path P = (vg,...,0p-1) and acycle C := (vp, ..., vp4c—1) repeated
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forever. Then,

(o]
Disc (G9*F) = Z Air(vi,viﬂ)
i=0

p-1 oo
= Z A'r(vi,0i41) + Z A'r (i, vi41)
i=0 i=p
Z,?:ol Ap+lr(0p+i, Up+i+1)
1-A¢

p

Air(os,0i41) +
i=0
_1 . _ .
(1= 2%) 2P0 A (v3, 0i01) + X633 APHr (0pai, Vprie1)
1-— A€

0]
Tow’

where in the first equality we use the definition of Discy, in the
second equality we partition the play into the simple path and the
cycle, in the the third equality we use geometric sum, and in the the
fourth we use algebraic manipulation. Notice that the coefficients
of P and Q are integers and bounded by 3W. The degrees of P and
Q are at most n.

Example 5.1. Figure 2 illustrates a turn-based game G with three
vertices: two player-1 vertices a, b and one player-2 vertex c. The
directed edges among them represent possible actions with associ-
ated weights: 1 from a to b, 3 from b to ¢, and —2 from c to b. The
initial vertex is a. Since each vertex has one possible action, there
exist a positional strategy o for player 1 and a positional strategy
7 for player 2. Given the strategy profile (o, 7), the lasso-shaped
play G3F = (a, b, ¢, b,c,- - - ) consists in the simple P = {a) and the
cycle C = (b, c) repeated forever. For all A, we have

31-21%2  1+31-32% P(})

DisCA(Gg’T) =1+ )2 1-22 - Q)

-2
[T
3
Figure 2: A turn-based game.

5.2 Strategy Iteration Algorithm

Strategy iteration for turn-based games computes the optimal strat-
egy for player 1. It starts with an arbitrary strategy ¢°. Then,
at each iteration, it locally improves player-1 strategy. Starting
with strategy ok at iteration k, it computes the best-response to
o for player 2, called % This computation can be done in time
O(mn?log m) by linear programming [1]. Then, it improves the
strategy o* by greedy local improvements using Bellman strategy
extraction B ;. This procedure is guaranteed to reach a fixed point,
which is an optimal strategy for player 1. The formal description is
shown in Algorithm 1.
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Algorithm 1 Strategy Iteration

Input: Game G, discount factor A, strategy o° for player 1
Output: Optimal strategy o* for player 1
1. procedure SI(G, A, ¢°)

2: k<0

3: repeat

4 % the best response to o¥
5: okt B (Disq (G"k’fk))
6: k—k+1

7: until o% = gk~1

8: return of

5.3 Improved Time Complexity Analysis

In this section, we analyze the time complexity of SI algorithm (The-
orem 3.2). We show that, given a turn-based game G, there exists a
discount factor Ay such that, for all discount factors A € [Ag, 1), if we
start SI from the same initial strategy for both Ag and 4, SI generates
the same sequence of strategies (Corollary 5.4). This result, along-
side the time complexity of SI in general case (Theorem 3.1), yields
an improved complexity of SI. To prove Corollary 5.4, we show that
if a strategy profile outperforms another when the discount factor is
Ao, then it also outperforms when the discount factor is A € [A¢, 1)
(Lemma 5.3). Example 5.2 illustrates that the performance of two
strategy profiles can be compared by their associated rationals.

Example 5.2. Figure 3 illustrates a turn-based game G with nine
vertices, where all vertices are player-1 vertices. The directed edges
among them represent possible actions with associated weights. The
initial vertex is a. There are two positional strategies for player 1:
o1 (going left from a) and oy (going right from a). Since player 2
does not have any vertices, there is one positional strategy 7. For
all discount factors A, we have

A+224 222+ 23
Discy (Gg"") = T Discy (Gg*") = T

The difference between the discounted payoff of oy and o3 is

o A=222-28 4208

- 1-24

A1+ =) (1-24)

- 1- A4 '

As A varies in (0, 1), the performance of two strategies is compared
as follows.

Disc; (Gg*") — Discy (Gg2")

o If A € (0,1/2), then o7 outperforms o3.
e If A = 1/2, then the performance of o1 and o3 are the same.
e If A € (1/2,1), then oy outperforms o7.

LEmMA 5.3. Consider a discounted-payoff game G, a vertex v, and
two strategy profiles (o1, 11) and (02, 12). Fix discount factor

-1
do=1- (24W(2n+ 1)7Wl/4‘/ﬁ+"’) )
If Discy, (Gg"™) > Discy, (Gg*™), then for all A € [, 1), we have
Discy (Gg*™) = Discy (Gg2™) .

ProoF. Let (P1,Q1) (resp. (P2, Q2)) be the polynomials corre-
sponding to a strategy profile (o1, 71) (resp. (02, 72)), and a vertex
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Figure 3: A turn-based game with two cycles.

v. We know that Discy, (Gy""™) > Discy, (Gg*™). Therefore, we
have

Pi(h) _ P2(do)
01(%) — Q2(0)°

or equivalently,

(P1Q2 — P201)(40) 2 0.
We define

Fi=P1Q;—P0r.

Note P1, Q1, P2, and Q3 are polynomials of degree n with integer
coefficients bounded by 3W, and Q7 and Q5 are of the form 1 — A“
and 1 — A% where ¢1 and ¢ are the length of the cycles in the lasso-
shaped plays given the strategy profiles. Therefore, polynomial
F is of degree at most 2n, and its coefficients are integer and are
bounded by 12W. If F is identically 0, then for all A € [0,1), we
have Disc; (Gg"™) = Disc(Gg*>™). Otherwise, by Theorem 4.2-(1),
for all roots A < 1 of F, we have

{176(12W)1/4\/2nJ!
1-1> Th 4.2-(1
% pw(ans @ Es  heorem 42:1)
S 1

24W (2n + 1) 7 (12W)/*V2n+6
1 16
> : (—121/4\/5 < 7)
24W (2n + 1)7W'/*Vn+6 7
which implies that F does not have any roots in the interval [A, 1).

Therefore, by continuity of F, for all discount factors A € [4¢, 1),
we have

(P1Q2 = P2Q1)(1) = F(4) 2 0,

which implies that
— D) =|=]W.
(Ql @ Q2 @
Hence, we have

Discy (Gg*™) = Discy (Gg2™) ,

which concludes the proof. O

Remark 5.1. If there is equality, by symmetry, one concludes that the
functions of the respective profiles are equal in the interval [A¢, 1).

The above result shows that for any vertex v, the ordering of
strategy profiles is the same for both discount factors Ay and A.
Lemma 5.3 yields that, if SI starts from the same initial strategy for
both ¢ and A, then SI outputs the same optimal strategies.
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COROLLARY 5.4. Fix discount factor
-1
Do =1~ (24W(2n + 1)7W”4W+6)

Consider a discounted-payoff game G with discount factor A € [, 1),
and player-1 strategy o°. Let o* andG* be the strategy for player 1
after k iterations of SI(G, Ay, 0'0) and SI(G, A, 00), respectively. Then,
forallk > 0, we have ok =55 In particular,

SI(G, Ay, 6°) = SI(G, A, 6°) .
Proor. We proceed with the proof by induction on the number

of iterations.

Base case k = 0. Since the initial strategy for both procedure calls is
the same, then we have ¢° = EO, which completes the case.

Induction casek > 0. We claim that 7% = 7% , where o and 7F are the
best responses to o and 5~ for player 2 with respect to A and Ao,
respectively. Indeed, since ¥ is the best response to o* for player 2,
then, for all vertices v, we have

k ok k =k

Discy, (Gg 4 ) < Discy, (Gg T ) .

by Lemma 5.3, we have

k ok k =

Disc), (G;,’ 4 ) < Discy (G,‘f 4 )

k is the

best response to 5*. Since ties are broken independently of the

The inequality also holds in the other direction since 7

discount factor, we have that ok =7k, Similarly, we can show that

okt = Ek“, which concludes the induction case and yields the
result. o
Remark 5.2.

Proor orF THEOREM 3.2. Fix
-1
do = 1- (24W(2n+ 1)7W”4‘/ﬁ+6) .

We proceed with a proof by cases on the size of A.

e Case A < Ag. By Theorem 3.1, the procedure SI terminates
W1/4 . . .
after n ( \/ﬁ) iterations, which completes the case.

e Case A > A¢. By Corollary 5.4, the procedure SI for discount
factors A and Ay terminates after the same number of itera-

. . . o(w/
tions. Therefore, it terminates after n ( \/ﬁ)
which concludes the case and yields the result.

iterations,

]

6 DISCUSSION AND CONCLUSION

We discuss the novelty of our work and future directions. The
novelty of our work is not a new algorithm, but a new improved
analysis of a classical and simple algorithm (SI algorithm) that has
been widely studied. Moreover, most results in the literature fo-
cus on establishing lower bounds for the SI algorithm [19, 21, 22];
in contrast we focus on a better upper bound. The novel aspects
of our analysis are as follows: (a) establishing the connection of
analysis of SI with a problem about lower bounds on roots of a
class of polynomials, which is the key insight; and (b) establishing
lower and upper bounds on roots of the required class of polyno-
mials. While our analysis only requires the lower bounds on roots,
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the significance of the upper bounds on roots is to show that our
technique does not yield a polynomial-time bound without further
non-trivial insights. Our result shows that for the DiscVAL-Wun
problem we have a deterministic sub-exponential time algorithm.
Discounted-sum games lie in between mean-payoff games and
stochastic games with reachability objectives, i.e., linear-time re-
duction exists from mean-payoff to discounted-sum games and
from discounted-sum games to stochastic games, but no reductions
are known for the converse direction. Whether discounted-sum
games are more similar to mean-payoff games or stochastic games
is an intriguing question. When the weights are expressed in unary,
mean-payoff games admit polynomial-time algorithm, whereas sto-
chastic games with rewards 0 and 1, and all probabilities are half
are as hard as general stochastic games. Thus deterministic sub-
exponential time bound for unary stochastic games is a major open
question. Our result shows the difference of unary discounted-sum
games compared to unary stochastic games by establishing deter-
ministic sub-exponential time upper bound. Whether there is a
polynomial-time algorithm for unary discounted-sum games or
there is a deterministic sub-exponential time algorithm for unary
stochastic games are interesting questions for future work.
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