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1. Introduction

Introduced by Shapley [26], finite zero-sum stochastic games are a central model in dynamic games and model
situations where the environment evolves in response to players’ actions in a stationary manner. They are parame-
terized by a payoff function, a transition function, and possibly a discount rate, which describe, respectively, the
current payoff and transition probabilities for each state and each action profile and the probability that the game
stops after each stage. The number of states and possible actions at each state are assumed to be finite.

The literature on stochastic games is abundant, both in theory and applications. For this reason, we focus on the
finite zero-sum case and present only the results that are most directly connected to our findings. We refer the
reader to Solan and Vieille [30] for a summary of the historical context and the impact of Shapley’s seminal paper
and to Amir [1] for a review of applications, which include resource economics, industrial organization, market
games, and empirical economics, among others.

The main solution concept of finite zero-sum stochastic games—henceforth, stochastic games—is the discounted
value. Its existence and characterization go back to Shapley [26]. The convergence of the discounted values as the
discount rate vanishes was established by Bewley and Kohlberg [6] using the theory of semialgebraic sets. An alter-
native, probabilistic proof was obtained by Oliu-Barton [18]. The existence of the undiscounted value was estab-
lished by Mertens and Neyman [15]. The perturbation analysis goes back to Filar and Vrieze [9], who provided a
modulus of continuity for the discounted value function in terms of the parameters of the game (i.e., the payoffs,
the transition probabilities, and the discount rate). Solan [29] obtained an analogous result for the undiscounted
value function under certain conditions on the perturbation of the transition probabilities. A formula for the dis-
counted and undiscounted values was recently obtained by Attia and Oliu-Barton [2], together with algorithms to
compute them Oliu-Barton [20] which are polynomial in the number of pure stationary strategies. Robustness
results for the undiscounted value function were provided, among others, by Neyman and Sorin [17], Ziliotto [32],
Catoni et al. [8], Oliu-Barton [19], and Oliu-Barton [21].

Of particular interest are the directional derivatives of the discounted and undiscounted value functions with
respect to a given perturbation, referred to as the marginal values of the game. This concept was introduced by Mills
[16] in the context of matrix games and linear programming, together with an elegant characterization: for all two
matrices A and B of the same size, the directional derivative of the value of A in the direction B—that is,
lim,_,o%(val(A + eB) — val(B))—is equal to the value of the matrix game B, where players are constrained to play
optimal strategies of A. An extension of this result to compact-continuous games—that is, games where the action
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sets are arbitrary compact metric sets and the payoff and transition functions are continuous—was proved by
Rosenberg and Sorin [25]. Notably, this result provides a formula for the marginal value of a stochastic game in the
discounted case when only the payoffs are perturbed.

In this article, we investigate the marginal values of stochastic games. Our contribution is three-fold. First, we
obtain a formula for the marginal values of a discounted stochastic game, when whichever combination of its defin-
ing parameters are perturbed. Further, we show that this formula also holds in the compact-continuous
framework—that is, when action sets are compact, and the payoff and transition functions are continuous. Second,
we obtain a formula for the limit of the marginal value of a discounted stochastic game as the discount rate
vanishes. Further, we show, by example, that the marginal value of an undiscounted stochastic game can exist and
differ from the limit of the marginal value of the discounted stochastic game as the discount rate vanishes. Third,
we provide a formula for the marginal value of an undiscounted stochastic game, under mild regularity
assumptions.

These characterizations provide additional quantitative and qualitative insights into the model of stochastic
games. They describe the dependence of the value function on the various parameters of the game, requiring no
specific functional form for the payoff or the transition functions. Moreover, the formula for the marginal dis-
counted value implies tractable algorithms for its approximation. Indeed, we show that the complexity of comput-
ing an approximation of the marginal value is at most polynomial-time in the number of pure stationary strategies
of the game. This complexity coincides with the algorithms described in Oliu-Barton [20] for computing an approxi-
mation of the discounted value.

The paper is organized as follows. Section 2 introduces stochastic games and perturbed stochastic games, in both
discounted and undiscounted cases. Some useful notation is gathered at the end of this section. Section 3 is devoted
to the statements of our main results. Section 4 illustrates our results through two examples of perturbed stochastic
games. Section 5 recalls some useful results from the literature, which will be used to prove our results. Finally, Sec-
tion 6 is devoted to the proofs of our main contributions. Some open questions are provided in Section 7, and some
additional material is given in the appendix.

2. Stochastic Games

We start by presenting the standard model of finite two-player, zero-sum stochastic games—henceforth, stochastic
games—as introduced by Shapley [26]. Then, we recall the definition and some properties of the auxiliary matrices
introduced by Attia and Oliu-Barton [2]. Lastly, we introduce perturbed stochastic games.

2.1. Classical Framework

A stochastic game is described by a tuple I' = (K, k, 1, ]; 5,9, A), where K is a finite set of states; k € K is the initial state;
I'and ] are the finite action sets, respectively, of players 1 and 2; ¢: K X I X | — R is the payoff function; q: K x I X
J — A(K) is the transition function; and A € [0, 1] is the discount rate. We refer to the case A € (0,1] as the discounted
case and A = 0 as the undiscounted case. Both cases are described below. In the sequel, K, k, I, and | will be fixed, while
8,9, A will be parameters. When useful, we will highlight the parameters of I, especially the discount rate A, by
using the notationI';.

2.1.1. Outline of the Game. The game proceeds in stages as follows. At each stage m > 1, both players are informed
of the current state k,, € K. Then, independently and simultaneously, player 1 chooses an action iy, € I, and player 2
chooses an action j, € J. Both players may choose their actions using randomization. The pair (i, j,) is then
observed by both players, from which they can infer the stage payoff ¢,; = g(ky, i, jm). A new state ky,+1 is then cho-
sen according to the probability distribution g(:|ky, iy, jm), and the game proceeds to stage m + 1. A play thus pro-
duces a sequence of payoffs (g,),,»1, and the aim of player 1 is to maximize, in expectation,

o > Al — /\)mflgm in the A-discounted case;
o lim inf; o7 S | gm in the undiscounted case.

Note that, by the Tauberian theorem for real sequences (Hardy and Littlewood [12]), the undiscounted objective
is equal to lim infy 0,51 A(1 — Ayt gm- The game is zero-sum, so player 2 minimizes the same amount.

2.1.2. Strategies. A strategy is a decision rule from the set of possible observations of a player to the set of proba-
bilities over their action set. A strategy for player 1 is thus a sequence of mappings ¢ = (0,),,51, Where g, :
(KxIx])" ' x K— A(I). Similarly, a strategy for player 2 is a sequence of mappings T = ()1, Where T, :
(K x Ix])" ' x K— A(J). The sets of strategies are denoted, respectively, by T and 7. A stationary strategy depends
only on the current state, so x : K — A(I) is a stationary strategy for player 1, and iy : K — A(]) is a stationary strategy
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for player 2. The sets of stationary strategies are A(I)* and A(J)¥, respectively. A pure stationary strategy is determin-
istic, so the sets of pure stationary strategies are I and J, respectively.

2.1.3. The Value. For all pairs of strategies (0, 7) € £ X 7, the unique probability distribution over the sets of plays
(K x I x )" induced by (o, 7), the initial state k, and the transition function g is denoted by P, .. The existence and
uniqueness of this probability follow from Kolmogorov’s extension theorem on the sigma-algebra generated by
cylinders. The expectation with respect to this probability is denoted by E; . Recall that we distinguish discounted
and undiscounted stochastic games, depending on whether A > 0 or A = 0.

o Discounted stochastic games. Let 'y = (K, k,1,];g,9, 1) be a stochastic game with A > 0. For all pairs of strategies
(o,7), set

VA0, 1) = Eoe | Y AL = )" gk i i) |-

m>1

By Shapley [26], the discounted stochastic game admits a value, v(I'y )—that is:

ry:= i =i .
o(l'2) Sglelg ilel’Zf’ y.(0,7) Tem% sotelg y.(0,7)

Furthermore, the vector of discounted values, as the initial state ranges over the set K, was shown to be the unique
fixed point of a contracting map of RX. This characterization implies, in particular, that both players have optimal
stationary strategies, denoted by O;(I') and O,(I').

o Undiscounted stochastic games. Let T'g = (K, k,1,];8,q,A = 0) be an undiscounted stochastic game. For all pairs of
strategies (0, 7), set

Yolo,7) = lil’){l ig1f y,(0,7).

By Mertens and Neyman [15] the undiscounted stochastic games has a value, v(I'y), that is:

o(To) := ilizp g Volo,7) = g} ilézp Volo, 7).

Moreover, the equality lim,_,o v(I'1) = v(I'y) holds.

2.2. Auxiliary Matrices
We now introduce two auxiliary matrices and a parameterized matrix game that can be associated to the dis-
counted stochastic gameI'y = (K,k,1,];g,q,A) with A > 0. Their definition goes as follows.

If the players play a fixed pair of pure stationary strategies (i,j) € IX X JX, then the state follows a Markov chain.
Its transition matrix is denoted by Q(i, j) € R“*. Furthermore, the stage payoffs depend only on the current state,
so let g(i,j) € R¥ denote this fixed payoff vector. Let p, (i, j) € R* be the vector of expected A-discounted payoffs as
the initial state ranges over the set of states. In particular, pX (i,j) = 7, (i, j) because k is the initial state. By stationar-
ity, Q(i,j), g(i,j) and r(i, j) satisfy the following recursive relation:

p,(1,§) =y, 3,5) = Ag(i,j) + (1 = )Q(,j)p, (i j)-
The matrix Id — (1 — A)Q(i,j) is invertible because Q(i,j) is a stochastic matrix and A € (0,1]. Then, by Cramer’s
rule, for the initial state k, one has:
A, )
A(i,j)

yaG) =phG,5) =

where Ao(i,j) =det(Id — (1 — 1)Q(,j)) and AF (i,j) is the determinant of the matrix obtained by replacing the k-th
column of Id — (1 — A)Q(i, j) with the vector Ag(i, j). Ranging over (i, j), one thus defines the two auxiliary matrices
A and A* of size |IX| x |JX|, whose entries are polynomials in (A,q) and (A,g,9), respectively. In addition, every
entry of Alis larger than or equal to A IKI This is the case as for any stochastic matrix M € R and any r € (0,1], the
matrix S:=1d — (1 —r)M satisfies S¢¢ > .S, ¢ | +7 for every 1 < € < d, which, by Ostrowski [23], implies
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det(S) > . Finally, for every z € R, we define the following matrix game:
W(z) := AF -z AL,

This parameterized matrix game characterizes the value according to Attia and Oliu-Barton [2, theorem 1]—that is,
v(T'y) is the unique z € R satisfying val(W(z)) = 0. It is worth noting that this characterization holds for a fixed initial
state and involves matrices of size |I|X X |J|X. In contrast, Shapley’s [26] approach characterizes the vector of values
(that is, for all possible initial positions) via a |K|-dimensional system of equations involving matrices of size I X |.
Lastly, it is worth noting that the use of these auxiliary matrices was refined in Attia and Oliu-Barton [3] and gener-
alized to the nonzero sum case in Attia and Oliu-Barton [4].

2.3. Perturbed Games and Marginal Value
Consider a stochastic game I' = (K, k,1,];g,4,A) with A > 0 (discounted) or A = 0 (undiscounted). An admissible per-
turbation is a triplet H = (3,4, A), where

e $:KXIX]—>R;

e j:KxIx]— Rand, forall € > 0 sufficiently small, g + £7 is a transition function;

e Forall ¢ > 0 sufficiently small, A + ¢4 > 0.

The perturbed stochastic game I in the direction H, denoted by I + ¢H, is defined as

I'teH:=(K,kI];g+¢€3,q+¢eq,A+ eA).

Its value is denoted by o(T" + ¢H). Note that the perturbed game I' + ¢H is a discounted stochastic game if A + A > 0.
In this case, the auxiliary matrices can be defined as in Section 2.2 and are denoted by A?, A¥, and W.(z),
respectively.

The marginal value of the stochastic game T in the perturbation direction H is then defined as follows, provided that the
limit exists:

dgo(T) := lim w

e—0*" €

This notion was introduced by Mills [16] in the context of matrix games and extended by Rosenberg and Sorin [25]
to more general two-player games—that is, with arbitrary compact action sets and a continuous payoff function.

The marginal value of stochastic games has not been characterized yet. However, their existence can be deduced
by using the theory of semialgebraic sets, and bounds can be derived from Filar and Vrieze [9, chapter 4] for the dis-
counted case and from Solan [29, theorem 6] for the undiscounted case under mild assumptions. The mild assump-
tions in Solan [29, theorem 6] consist of A =0 and that g does not introduce new transitions—that is, there is no
(€,0,i,j)e K> xIx ] such that £ + ¢, q(¢'|¢,i,) =0, and §(¢'|¢,i,j) > 0. The regularity of the perturbed value func-
tion, as well as the existence of the marginal values under mild conditions, is recalled in Section 5.3 for
completeness.

2.4. Notation
The following notation is used in the sequel.
e Simplices. For any finite set E, the set of probabilities over E is denoted by A(E). Formally,

A(E) := {x:E—> [0,1], ) x(e) = 1}.

ecE

e Matrix games. For any matrix M € R™/ and any pair of mixed strategies (x,y) € A(I) x A(]), the expected payoff
in the matrix game M when players play (x, y) is given by x" My. The value of M exists by the minmax theorem and
is denoted by

val(M) := max min x"My.
xeA(I) yeA(])

The sets of optimal strategies are denoted by O;(M) C A(I) and O(M) € A(J), respectively, which are then none-
mpty, convex, compact sets. Finally, we set O*(M) := O1(M) X O2(M).

e Marginal value of a matrix game. For any pair of matrices M, N € R™/, we consider the matrix game N, in
which the players are restricted to play an optimal strategy of M. Its value exists by Sion [28] and is denoted
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by:

valpapN = max min x"Ny.
O (M) x€01(M) yeOL(M) Y

e A canonical set inclusion. For any two finite sets E and F, the product set A(E)" can be injected into the simplex
A(EF) via the product measure map as follows:

w=@, ..., weAEf —mw=0w'e - @weAE),

F

where ® denotes the direct product. That is, W(ey,...,ejr) = H¢‘>2|1 w(e), for all (ey,...,er|) € EF. The canonical
inclusion is strict as soon as |E| =2 and |F| > 2.

e Strategies in the stochastic game. For any stochastic game I' =(K,k,I,],g,q,A) and any stationary strategy
x = (x")ex € AU )¥, the canonical inclusion gives ¥ := ® sexx! € A(IX), which is a probability distribution over their
set of pure stationary strategies. The same is true for player 2.

o An important set of strategies. Consider a discounted stochastic game I'. Its auxiliary matrix game is of size

|IX| x |J¥| and plays an important role in the sequel. We set:

O1(I) := O1(W(v(I'))),
O5(I) := O(W(v(I))),
O*(T') := O}(T) x O3(I).

These sets are nonempty, convex, and compact. Moreover, O;(I') ¢ A(IX) and O5(T') ¢ A(JX). Hence, the elements of
O*(T') are probabilities over the sets of pure stationary strategies, rather than (mixed) stationary strategies, of the
game I'. However, by Attia and Oliu-Barton [2], (X,#) € O*(T) for all pairs of optimal stationary strategies (x,y) €
A()* x A(J)*. In this sense, O(T') ¢ O*(I).

e Perturbed value function. In the sequel, when a stochastic game I and an admissible perturbation H are clear
from the context, we use the notation v, := v(I" + ¢H) in general and v, . when the discount rate A varies.

3. Main Contributions

In the sequel, we consider a stochastic game I' = (K, k,1,];5,4, A) for some fixed A € [0,1] and an admissible pertur-
bation H = (3,§,4). Our main contributions are the characterizations of the marginal discounted values, of their
limits as the discount rate vanishes, and of the undiscounted marginal values.

3.1. A Formula for the Discounted Marginal Value

Our first result is a characterization of the marginal values of a discounted stochastic game (when A > 0). By Section
2.2, to every discounted stochastic game, one can associate auxiliary matrices AY and A, so, in particular, this is the
case for the perturbed game I' + ¢H. We set

A = lim L(A? — AD),
e—0" €

¥ = lim L(Ak — AY),
e—0T €

where the limits exist because, by construction, all entries of A¥ and A? are polynomial in ¢. We can now state our
first result.

Theorem 1. Consider a stochastic game T = (K, k,1,];g,9,A) with A >0 and an admissible perturbation H = (g,q,ix).
Then, dyv(T) is the unique z € R, satisfying

D(z) := valor)(@gA* — () A’ — zA) = 0.

We now discuss the intuition behind this result, its implications regarding the computation complexity of the dis-
counted marginal value, the particular case where only the payoffs are perturbed, and its extension to infinite action
sets.

1. Heuristics. The formula of Theorem 1 can be interpreted as a derivation under the value operator of the for-
mula val(AF — 9(I')A”) = 0 obtained in Attia and Oliu-Barton [2]. Indeed, it follows that val(AF —v.A%) =0 for all ¢
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sufficiently small. If allowed, entry-wise differentiation inside the value operator would yield

0= 2 (val(ak — 0,A%) o = val (i (o - ng(’)g:o),
e de

de
= val(dgA* — v(T) dgA® — dgo(T) AY).

It thus makes sense to have z = dyv(I') as the unique solution of val(dyAF — v(IdyA — zA%) = 0. This heuristic can
be turned into a formal statement by restricting the strategy domain in the right-hand-side expressions to O*(I).

2. Computational complexity. From Theorem 1, one can derive an algorithm to approximate the marginal dis-
counted values, whose computational complexity is polynomial |IX| and |J¥| for rational data. To do so, we pro-
ceed in two steps. First, compute v(I') using the algorithm from Oliu-Barton [20]. Second, use the map z +— D(z) to
do a dichotomic search and find an approximation of the marginal value. At every step, D(z) is the value of a linear
program proposed by Mills [16] and can be computed efficiently by Beling [5]. See Appendix A for more details.

3. Perturbation of the payoff only. When only the payoffs are perturbed—that is, for H = (3,0,0)—Theorem 1
boils down to the following alternative formula, already obtained in Rosenberg and Sorin [25]:

duo(T) = valpn)7(x,y),

where O(I') := O (T) X O,(T) is the set of optimal stationary strategies of I' and ¥, is the discounted payoff function
of the game I =(KkL]J; 3,9,7). Indeed, the condition for dyv(I') simplifies to Valo*(r)(Ak — QHU(F)AO) = 0. There-
fore, considering optimal strategies for each player separately, one can reverse the linearization used in construct-
ing the auxiliary matrices and, thus, recover  (x, ).

4. Extension to the compact-continuous case. Theorem 1 can be extended to the compact-continuous case—that
is, when action sets are compact and the payoff and transition functions are continuous. This extension is proved in
Appendix C.

3.2. A Formula for the Limit of the Discounted Marginal Values

LetT'y =(K,k,L,];4,9,A) be a discounted stochastic game, where the subindex A > 0 is used to better track the var-
iations in A, while the rest of the parameters remain fixed. Similarly, we denote the auxiliary matrix games by A
and A%,

Theorem 2. Let T') be a A-discounted stochastic game and H = (3,4, 1) an admissible perturbation. Assume that (dv(T 1)),
remains bounded. Then, limy_,o dyv(I')) exists and is the unique w € R, where the following map (over the extended reals)
changes sign:

zeER > F(Z) = /IXIE}) /\"Klvalo»(r/\)((?HAﬁ —0x aHA(})\ —ZA%) S [—00, +OO].

This result calls for several observations, too.

1. The boundedness assumption. Sufficient conditions ensuring that (dgv(I'1)), remains bounded follow from
Solan [29, theorem 6]. For example, it is enough that § does not introduce new transitions in the following sense: for all
(,j)eIxJand €+ €, if q(£’|¢,i,j) =0, then §(£'|¢,i,j) = 0. See Section 5.3 for details.

2. Applicability. Similarly to Theorem 1, the present formula suggests a dichotomic algorithm to compute an
approximation of the limit of the discounted marginal values, based on the successive computation of the sign of
F(z). To compute the latter, we would need to determine an explicit Ao > 0 such that the sign of F(z) is given by the
sign of valo-r,, (8HA§ — 0, QHA?\ — zAg) at A = Ay, for all the considered z. This approach was followed in Oliu-
Barton [20], where the similar map z — limy_, AIK |Val(A§ — zAg) was considered to compute the undiscounted
value of a stochastic game and where an explicit lower bound for Ay was obtained whose size is polynomial in |I¥|
and |JX|.

Note, however, that additional difficulties may arise in determining an explicit lower bound for A in the present
case, notably because of the presence of the term v,, which is a Puiseux series near zero unlike all other terms,
which are polynomials in A.

3. Extension. This result cannot be extended to the compact-continuous case, as explained in Appendix C.

At this stage, a natural question is whether the operators lim,_,o and dy commute, so that the limit of the mar-
ginal discounted values is equal to the marginal undiscounted value. The answer is no, except in very particular
cases. More precisely, the following assertions hold (see Section 6.4 for more details).

i. The operators dy and lim,_,g commute when either |K| =1, 0r |I| = |J| =1and H = (,0,0).
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Figure 1. A perturbed stochastic game with lim,_,o dgo(I'y) # drov(To).

State 1 State 2
IR R
o T [1ee]

ii. There exists a (minimal) example with |K| = |I| =2,|]| =1 and H = (3,0,0), where

lim dno(ly) # du lim o(T'y) = dyo(To).

For example, see the perturbed stochastic game in Figure 1, where the arrow indicates a deterministic transition
from state 1 to state 2 when the bottom action is played and where there are no other positive transition probabili-
ties. Indeed, for A € [0,1] and ¢ > 0, a direct computation yields:

A
(1—/\)(1-{'6) lféZm,

1 otherwise.

Hence, for all A > 0, there exists ¢y > 0 small enough such that v, . = 1 forall ¢ € [0, ¢o]. Consequently,

lim do(Ty) = lim 2 — M0 _ g
A—0 e—0
On the other hand, forall € > 0, vg . =limy_,0 V1. =1+ ¢, 0
Io(T) = hn&w -1
&

Consequently, both lim,_,g dyov(T')) and dyo(Ty) exist, but differ.
In view of the (minimal) example exhibited in (ii), it is worth noting that Theorem 2 characterizes the limit of the
marginal discounted values, but not the marginal undiscounted values.

3.3. A Formula for the Marginal Undiscounted Value 5
We explore the undiscounted case, A =0. We assume that H = (3,7,0)) because for A >0, the marginal undis-
counted value may fail to exist. Indeed, Kohlberg [13, p. 120] exhibited an example of a discounted stochastic game

where v(T'}) = %X =1—vVA+0(VA), so that for H = (0,0,1), the marginal undiscounted value dyv(Ty) = limyo1
(v — vp) exists, but is unbounded.

We introduce a family of perturbed discounted stochastic games and define a finite set of bivariate polyno-
mials denoted P, p). For every >0 and ¢ >0 sufficiently small, let I'y . := (K,k,I,];¢ + 3,9+ ¢j,p) and let
Wj,(z) denote its corresponding parameterized matrix game. For every square submatrix of Wy .(z), consider
the polynomial P(B, ¢,z) obtained by taking the determinant of this submatrix. There exist (R,),, € R[¢,z] such
that P(B,¢,2) =3 ,,50Rm(e,2)p™, and let s > 0 be the smallest integer such that R, # 0. Define, then, the projection
®(P) := R, € R[¢, z]. Running over all possible square submatrices of Wy .(z), one thus defines the desired finite

set of polynomials:
Pr,ny = {DP(P) : P(B, ¢,z) = det(Wp ((z)), Wp,(z) square sub-matrix of Wg,.(z)}.

Our next results will justify the introduction of this set.

Proposition 1. Let I' = (K,k,1,];g,9,0) be an undiscounted stochastic game, and let H = (g,4,0) be an admissible pertur-
bation (not perturbing the discount rate). Then, there exists ey > 0 and P € P ) such that

P#£0, and P(e,o(T+eH))=0, Vee(0,&].

This result may call for some clarifications, notably as the existence of some polynomial P satisfying P(¢,v.) = 0 for
all € near zero follows from the theory of semialgebraic sets (see Section 5.2 for more details).
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1. Novelty of the result. The novelty of Proposition 1 is the identification of a finite, computable set of candi-
dates for the polynomial P. This step is crucial to obtain an explicit formula for the undiscounted marginal values
in Theorem 3.

2. Computability of P. Although, in general, a suitable polynomial P may be hard to find, information about
(the support of) optimal stationary strategies in the auxiliary discounted stochastic games I'g . greatly simplifies the
search. For example, if both players have a unique optimal stationary strategy whose support is constant for all
(¢, A) sufficiently small, and of equal size, then it is enough to define the submatrix Wy, .(z) over these supports and
set P(e,z) = O(det(Wpg,:(z)). This result, proved in Oliu-Barton and Vigeral [22, lemma 6], gives a practical way to
determine P in (generic) applications.

Our last result is an explicit formula for the undiscounted marginal values, relying on the set of polynomials
identified in Proposition 1.

Theorem 3. Let I' = (K,k,1,];,9,0) be an undiscounted stochastic game and H = (8,3,0). Let P € R[¢,z] be a polyno-
mial satisfying P(e,v.) =0 for all ¢ > 0 sufficiently small (which can be determined using Proposition 1). Suppose that
‘3—1;(0,0(1")) # 0 and that e — o(I' + eH) is continuous at € =0. Then, the marginal undiscounted value exists and is
given by

220, v(T

Ino(T) = — 37;( @),

4:(0,0(I")

Note that Theorem 3 requires the continuity of ¢ — v(I' + ¢H) at zero. Like for Theorem 2, a simple sufficient condi-
tion ensuring this property is that § does not introduce new transitions.

4. Examples

We now illustrate our contributions via two known examples. The first one is a perturbed Big Match; the second is
a perturbed version of a game introduced by Bewley and Kohlberg [7]. For both examples, we will compute the dis-
counted marginal values, their limit as the discount rate goes to zero, and the undiscounted marginal values, using
Theorems 1-3.

4.1. The Big Match
We start with the classical Big Match introduced by Gillette [11]. This is a three-state stochastic game, where two
states are absorbing with payoffs of zero and one, respectively. The Big Match is thus an absorbing game. It can be
represented by Figure 2, where a* indicates a stage payoff of a followed by a deterministic transition to an absorbing
state with payoff a.

For all A € (0,1], we denote by I'; the A-discounted Big Match with initial state k = 1. Its value satisfies v; =1/2
for all A.

4.1.1. The Auxiliary Matrices. Because the game is absorbing, the set of pure stationary strategies can be identified
with the set I x J. Consequently, up to removing redundant rows and columns, the auxiliary matrices are of size I X J.
Let states 2 and 3 be, respectively, absorbing states with payoff one and zero. We follow Section 2.2 to compute the
auxiliary matrices, denoted by AS, A%, and the parameterized matrix game W,(z) := AX —zA9. Set I ={T,B} and
J={L,R}, where T, B, L, and R refer to “top,” “bottom,” “left,” and “right,” respectively. When the pure stationary
strategy (T, L) is played, every time states 1, 2, and 3 are visited, the stage payoffs are g(1,T,L) =1, g(2,T,L) =1, and
8(3,T,L) =0, respectively. On the other hand, the transitions are 6, in states 1 and 2 and 63 in state 3. Hence, in matrix
form, one has:

1 010
gT,L)=[1] and Q(T,L)=|0 1 0
0 001

Figure 2. The Big Match.

State 1
0.
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Recall that A(T, L) = det(Id — (1 — A)Q(T, L)) and Alj (I,]) is the determinant of the matrix obtained by replacing the
k-th column of Id — (1 — A)Q(T, L) with Ag(T, L). Hence, for all A € (0,1],

1 —(1-14) 0
AY(T,L) =det| 0 A 0|=42%

0 0 A

A —1-1) 0
AN(T,L) =det| A A 0| =A%

0 0 A

Hence, W, (z)(T,L) = A*(1 — z) for all z€ R. Computations for the other action profiles are similar. Overall, one

obtains:
11 10 1— -
Aﬁ:AZ( ),A§:A2< > and WA(Z)=)\2< = )
A A 0 A Az A1 -2)

In particular, forz =v; =1/2,

val(W,(1/2)) = A val( 1/2 _1/2>

—AJ2 A2

Like for the Big Match itself, the auxiliary game W,(1/2) has a unique pair of optimal strategies, x\ = (121, 11;) and
ya = (%, 3). This is not a coincidence: for any discounted absorbing game I', the set of optimal stationary strategies of
the game coincides with O*(T).

4.1.2. The Marginal Discounted Values and Their Limit. As already argued, O"(I'1) = O(Wx(va)) = {(x1,y1)} is a
singleton, so the value operator valo-(r,) is trivialized. By Theorem 1, for any perturbation H = (g,4, 1), the marginal
value is thus the unique z € R satisfying

Dj(z) := x}(&HA]/‘\ — 0, 9nA] —zAya = 0.

Or, equivalently, the marginal discounted values satisfy the following explicit formula:

_ x}(&HAﬁ — vAaHAg)yA

IHUA
TAO0
X3 Ayya

ey

The computation of the marginal discounted values is thus straightforward for any perturbation H, as it boils down
to computing the matrices 8HA'§\ and dyA. Similarly, their limit can be obtained directly from Theorem 2, where,
again, the value operator is trivialized.

Remark 1. The previous explicit Equation (1) holds for every discounted absorbing game where both players
have a unique pair of optimal stationary strategies, denoted by (x4, y,).

4.1.3. The Undiscounted Marginal Values. Consider now a perturbed version of the Big Match, for an admissible
perturbation H = (Z,§,0). The assumption A = 0 is not needed here to ensure the existence of the marginal values,
but is kept for simplicity and to apply Theorem 3. The perturbed game is illustrated in Figure 3, where the arrows
indicate transitions from state 1 to states 2 and 3, respectively, with the indicated probabilities.

More precisely, we consider an arbitrary perturbation of the stage payoffs at state 1 and an arbitrary perturbation
of the two positive transition probabilities of the game. To be more precise of the latter, we consider § = 0, except

Figure 3. The perturbed Big Match.
State 2 State 1 State 3

SIS e vl e N EY T )
nin e | [Lrei nin
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forg,,:=§(2|1,T,L) < 0and §,, :=§(2|1,T,L) < 0,and also §(1|1,T,L) = —G,, and §(3|1,T,L) = —{,5, so that g + &7
is a transition probability for all ¢ sufficiently small.

Let vy and v, denote the value of the undiscounted Big Match and its perturbed version, respectively. To apply
Theorem 3, we proceed as follows. First, we check the continuity of ¢ — v, at zero. Second, we find a polynomial P
such that P(e,v,) = 0 for all ¢ sufficiently small. Lastly, we check ‘3—5 (0,99) # 0.

Step 1. Regularity of the perturbed value functions. Note that the perturbation § does not introduce new transitions.
The continuity of ¢ — v, at € =0 follows then directly from Solan [29, theorem 6]. See also Section 5.3 for more
details.

Step 2. Determine the desired polynomial. By Proposition 1, we have a finite set of candidates, P ), obtained
by applying the operator ®@: R[S, ¢,z] = R[¢,z] to the determinants of all possible square submatrices of
W;,«(z), where p > 0 is an auxiliary discount rate. Because this matrix is of size 2 X 2, the set P ) contains five
polynomials, the four corresponding to the entries of the matrix, denoted by Pr,1, Pt r,Pp 1. and Pp r, and the
one corresponding to the entire matrix, denoted by P. To compute them explicitly, one needs to find Wg, .(z).
We proceed as for the classical Big Match, one strategy profile at a time, to obtain the auxiliary matrices for all
p>0and e>0:

Ag&:ﬁ2<l+(1ﬁ)‘7125 1"'(15)‘7135),

B B
ko 1HPBE@y — ) + ey pegn
Bpe =P < Begy ﬁ(1+€§22)).

Set then W .(z) := AE,S - zAg’E for all z € R. The set P(r, ) is then composed of the following five polynomials:

Prr(e,z) = D(Wg,(2)(T,L)) =1 —z+ e§,(1 — 2),
Pr r(e,z) = D(Wp (2)(T,R)) = —z + €452,
Pg,1(¢,2) = D(Wp,(2)(B,L)) = =z + €815,

P r(e,z) = D(Wp «(2)(B,R)) =1 —z +£3,,,

P(e,z) = D(det(Wp,(2)) =1 =2z + (8, (1 —2) + 8§12+ §1,(1 — z) — G152%) + 0(e).

Note that we have abbreviated P by grouping the multiple of €2, as these terms do not matter for the sequel. To
determine the appropriate polynomial, we use the practical remark after Theorem 3. For every f>0and ¢ >0,
the optimal strategy of player 2 in the perturbed discounted Big Match, I's ., has full support, by continuity.
Hence, as already noted, this property implies that P is the desired polynomial by Oliu-Barton and Vigeral [22,
lemma 6].

Step 3. A formula for the undiscounted marginal values. One easily checks that 2£(0,v) = —2 # 0 for all the consid-
ered perturbations (3, 7). Theorem 3 can thus be applied to obtain the desired formula:

_?TE(O'UO) _n—13_8n +§22‘
%(OIUO) 8 4

¢9Hz}0 =

4.1.4. A Final Remark. Consider the perturbation H = (g, ,0) described in Figure 3: do the undiscounted marginal
values and the limit discounted marginal values coincide in this example? From the expressions of Ag . and AI[; e

. . 0 0 . . . . . . ! 4
one easily determines dyA; and dyA} by setting f := A and then taking the entry-wise derivatives in ¢ at zero. Con-
sequently,

(1-M)j (1-A)j
IuA? = 12 T12 913 ,
0 0
I :A2<’\(g11_‘712)+‘712 AE’u).
AZx Agx
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Replacing these matrices in (1), together with (x,, 1) and v,, one thus obtains

9 _(1—)\)(‘712_’713) A8y + 481 +851 +8x»
HO)A = 8 + 4 '

Therefore, the equality dyvy = lim,—,o dgv, holds for this example.

4.2. The Bewley-Kohlberg Stochastic Game

Our next example is a (nonabsorbing) stochastic game introduced by (Bewley and Kohlberg [7, p. 120], which
was also considered in Vigeral [31]. A representation of this game is given in Figure 4, where a,b > 0 are fixed
parameters:

The Bewley-Kohlberg stochastic game has four states, two of which are absorbing with payoffs 1 and —1. We
label these states as states 3 and 4, respectively. In Figure 4, the arrows indicate a deterministic transition from state
1 to state 2, and vice versa, and a stage payoff of zero. The initial state is fixed to state k = 1. Let v) denote the value
of the A-discounted game, and let vy := lim,_,y v; be the undiscounted value. From the literature, we know that, for
each A € (0,1], both players have a unique optimal stationary strategy in the A-discounted game, which is of full
support. We also know that vy = 4L

4.2.1. The Marginal Discounted Values. For every admissible perturbation H = (3,4, 1), the marginal discounted
values can be obtained from Theorem 1—for example, using the algorithm we described after this statement to
obtain an approximation of dyv to a desired level of accuracy. Similarly, their limit as A goes to zero can be derived
from Theorem 2.

On the other hand, it is worth noting that an explicit expression like (1) cannot be obtained here, even when both
players have a unique optimal stationary strategy for all A > 0. This is because the game is not absorbing, and, thus,
Or(I'y) contains, but may not be equal to, the set of optimal stationary strategies of I'y.

4.2.2. The Marginal Undiscounted Values. We now focus on the undiscounted marginal values for a given admis-
sible perturbation H = (3, ,0). For the sake of simplicity, we assume that some of the entries of § and § are zero;
namely, we consider four perturbation parameters, denoted by (%,,§,) € R* and (§,,7,) € R3 and set:

e 3(1,T,L):=¢g,and g(2,T,L) := €3,;

e §(1|1,B,R) :=ej, and §(3|1,B,R) := —¢qj,;

® §(2]2,B,R) :=¢fj, and §(4|2,B,R) := —¢q,;

o All other entries of g and 7 are equal to zero.

In other words, the perturbations consist in replacing the stage payoffs a and —b witha + ¢, and —b + ¢g,, respec-
tively, and the deterministic absorption probabilities with 1 — ¢4, and 1 — &,. This perturbed Bewley-Kolhberg sto-
chastic game is illustrated in Figure 5.

The value of this perturbed undiscounted game is denoted by vy .. Note that § does not introduce new (nonloop)
transitions, so that the map ¢ + g . is continuous at ¢ = 0, and the marginal undiscounted values dyvy exist. We
determine dyvy in three steps.

Step 1. The auxiliary matrices. We consider the auxiliary matrices of a f-discounted version of the game,
denoted by Ag/ . and A’,;S. To compute them, we follow the construction described in Section 2.2. A direct calcula-
tion gives:

~ f p p2-p)
Al (2) = B p Bl —eq,(1-p)) B2 —p) 1—eq,(1—B)
" p p2-p) Bl —eq,(1—p)) 1—eq,(1-p) ’

B2—p) 1-eqy(1-p) 1—-eq(1-p) (1 —ed;(1—-p)A—eq,(1-p))

Figure 4. The Bewley-Kohlberg stochastic game with parameters a,b > 0. (The original game corresponds to the casea =b=1.)

State 1 State 2

L« ][=]] =]l

/[

[l
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Figure 5. The Bewley-Kohlberg stochastic game with parameters a,b > 0.

State 3 State 1 State 2 State 4
aten || — | bhen | o |
| 3N 53 [ = [

\ |
! -

| AN

- /

Ik

1-— Eq1 5@1 €q~2 1— 5(12
and
B(a+egy) Bla+eg;) p(1—pB)(eg, —b) 0
M og|  Parer)  BO-eR0-p)e—ci) 0 (1-B)(1 — efy(1 - )
o B(1—P)(eg, — b) 0 Bl —edy(1-p) 1—ejy(1-p)
0 A=A —ed,(1-p)  1—eq;(1-p) (1—eq,(1-p)N—eqy(1—-p))
One then sets Wy .(z) := A’; - zAg . forallzeR.

Step 2. The desired polynomial. We now look for a polynomial P satisfying P(e,vg,) =0 for all &€ >0 small
enough. To do so, we consider the possible candidates, which are in the set P, i) by Proposition 1. To deter-
mine the suitable one, we first note that for every g €(0,1], the unperturbed p-discounted stochastic game
admits a unique pair of optimal stationary strategies, which is of full support. This property was already noted
by Bewley and Kohlberg [7]. By continuity, this property still holds in the perturbed auxiliary discounted
game I'g . for ¢ >0 sufficiently small. As already noted (see comment (2) after Proposition 1), this property
implies that the desired polynomial is P(¢,z) := ®(det(Wp (2)))- A direct computation using Matlab gives then
P(e,z) =pl(e, z)%, where

ple,z)=a—b—z(a+b+2)+e((1 -2)(F, —(z—a)j,) + (1 +2)(&, + (z+Db)j,) +0().

Here, again, we have abbreviated the polynomial, as the terms in &2 play no role in the sequel.

Step 3. A formula for the undiscounted marginal values. Lastly, we use Theorem 3 to determine the undlscounted
marginal values. By construction, p satisfies p(e, vy, ) = 0 for all ¢ sufficiently small. We then check that L£(0,v0) =
—(a+b+2) #0. As the map ¢ — v, is continuous at ¢ = 0 by the choice of §, we can apply Theorem 3 to obtain the
following explicit expression (recall that vy = -4%):

_5H0,20) _ (1 - 00)g, +(1+ 90, + (o0 — a)(1 — 00); + (00 + B)(L + 00},
az(o v0) a+b+2

In particular, for a = b =1 (and, thus, vy = 0) the following simpler formula holds:

oo _&1+& ity

4
Remark 2. In the Bewley-Kohlberg game, the polynomial P(¢,z) := ®(det(Wp (2))) satisfies 92(0,09) = 0. How-
ever, we could replace P by its divider, p, to obtain the desired formula from Theorem 3.

Remark 3. The two considered examples share a common regularity property: there exists a polynomial P(¢,z)
such that P(¢,v,) =0 for all € >0 and %(0,vy) is independent from the perturbation (though it could be equal to
zero). This property holds as long as there exists a pair of optimal stationary strategies in the perturbed dis-
counted stochastic game I'y . with a fixed and equal support for all >0 and ¢ > 0 sufficiently small. The reason
for this stability is as follows: the fixed support implies there exists a constant submatrix that defines the optimal
strategies, and this submatrix can then be chosen to define P, independently of the perturbation.
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5. Preliminary Tools

Before going into the proofs of our main contributions, we provide some useful preliminary results. We start with
the theory of matrix games developed by Shapley and Snow [27] to then briefly present the theory of semialgebraic
sets. Lastly, we present some known results regarding the regularity of the perturbed value function of a stochastic
game following Filar and Vrieze [9, chapter 4] for the discounted case and Solan [29] for the undiscounted case.

5.1. Shapley-Snow Theory
We follow the notation used in Shapley and Snow [27]. For any square matrix M, we denote S(M), and co(M) the
sum of its entries and its cofactor matrix, respectively.

Definition 1. For any matrix M, a Shapley-Snow kernel is a square submatrix M satisfying:
e S(co(M)) # 0.
e The strategies X = chos?z%)
for Player 1 and Player 2.
Shapley-Snow kernels characterize the extreme points of the set of optimal strategies, denoted O*(M). In partic-
ular, every matrix admits at least one and, at most, finitely many of these kernels. Moreover, for any Shapley-

Snow kernel M of M the following properties hold:

i. val(M) = S (iz(“%)), so, in particular, if val(M) = 0, then det(M) = 0.

ii. All entries of co(M) are of same sign, and not all zero.

co(M)"
S(co(M))

landy = 1, when completed by zeros, are optimal strategies of M, respectively

5.2. Semialgebraic Sets
A set A ¢ R is basic semialgebraic if it is defined by finitely many polynomial equalities or strict inequalities—that
is, there exists L € N and polynomials pg, p1, . .., pr in R[x1, . .., x4] such that

A={(x1,...,x3) eR? tpo(xa, ..., xg) =0, p1(x1,...,x0) >0, ..., pL(x1,...,x5) >0}

A semialgebraic set is the finite union or intersection of basic semialgebraic sets. A semialgebraic function is a func-
tion whose graph is a semialgebraic set.

The following result, referred to as the Tarski-Seidenberg elimination theorem, establishes the stability of semial-
gebraic by projection to lower dimensions.

Theorem 4 (Tarski-Seidenberg Theorem). Consider d € N and A c R™! g semialgebraic set. Then, {x € R?: Jw e R’
(x,w) € A} is a semialgebraic set of RY.

As a consequence, any set that can be expressed using first-order formulas over the real field is semialgebraic.
Local expansions of semialgebraic functions were investigated by Puiseux [24]. A Puiseux series is a function of
the form

fle) =3 cne™™,

m=myg

where M € N, mg € Z and coefficients (c;;),,>,,, C R. Then, we have the following result.

Theorem 5 (Puiseux [24]). Let P € R[x,y] be a nonzero polynomial and a > 0. Suppose that f : (0,a) — R is a continuous
function satisfying P(e,f(e)) =0, for all € € (0,a). Then, & +— f(¢&) admits a Puiseux expansion near zero.

5.3. Regularity of the Perturbed Value Function 3
Consider a discounted~stochastic game I' with A >0 and an admissible perturbation H =(g,4,A). Then, v, :=
val(T' + eH) is the (A + eA)-discounted value of some stochastic game. For any map ¢ : K X I X ] — RX, let

Iplly == max > |o(']£6,ij)].

CeK, (i j)elx] 5=

Recall that § : K x I x ] — RX, but it is not a transition function (rather, g + & is a transition function for all ¢ suffi-
ciently small), so ||§||; is not necessarily equal to one. Let || ||, denote the standard L*-norm of R?, and let z, :=
max(0, z) for all z € R. The following property is a rephrasing of Filar and Vrieze [9, chapter 4, equation (4.19)] with
the notation of the present paper.
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Lemma 1. The following inequality holds for all €, ¢" > 0 sufficiently small:

1—(A+ed), . . 1]
_— +¢&'9| +2 =
il g1l llg + €3l Trel

o — 0] < le— ¢ (ngnw + ||g+e'g||w>.

Next, consider an undiscounted stochastic game I' and an admissible perturbation H = (3, §,0). By definition, v, :=
val(T' + eH) is then the undiscounted value of some stochastic game. For all pairs of transition functions ¢, and g,
with the same domain—that s, g1,42 : K X I X ] = A(K)—let

7’(!]1,!]2) = max {max{ql(f |£Ill]) L]Z(f |€rl/])} _ 1},

(i,j)eIx] lh(f'w,i,]'),ql(f’w,i,]')
(L, 0VER2 L0

with the convention z/0 = +oo for all z > 0, and 0/0 = 1. The next result is a rephrasing of Solan [29, theorem 6] with
the notation of the present paper.

Lemma 2. Let I be a discounted or undiscounted stochastic game, and let H = (3,§,0) be an admissible perturbation. Then,
forall e,&" > 0 sufficiently small,

4|K|r(g+eq, g+ €'q)
(1-2|K|r(g+eq, g+¢€q)),

oy —0.] < lg + elle + I — €[]

Note that the perturbed value function is Lipschitz continuous as soon as r(g, g + €§) = O(¢). By Solan [29], this con-
dition holds if § does not introduce new transitions—that is, if there is no (i,j) € I X ] and (¢,{") € K*> with £ # ¢’ so
that g(¢'|¢,i,j) = 0 and (g + €7)(¢’|¢,1,j) > 0—or the converse, for all ¢ sufficiently small. Before we continue, a tech-
nical observation on the definition of r is needed.

Remark 4. In the original statement of Solan [29], the definition of r was slightly different: there was no condition
€+ ¢’ in the maximum. However, this additional condition comes for free, as the bound in Solan [29, theorem 6]
relies on the limit discounted occupation times for a Markov chain, which by Freidlin and Wentzell [10] depend
only on the transitions between pairs of different states. Therefore, we have added the condition £ # ¢’ in the def-
inition of 7.

The following three results are direct consequences of Lemma 1, Lemma 2, and the theory of semialgebraic
sets (see Section 5.2). Their proof is provided in the appendix for completeness.

Proposition 2. Consider a discounted or undiscounted stochastic game T and an admissible perturbation H = (3,4, 7).
Then, there exists ey > 0 so that € — v(I' + eH) is continuous on (0, eg]. Moreover, continuity at & =0 holds if either: (i)
A>0;or (ii) A =0 and r(g,q + €§) = O(e).

Proposition 3. Consider a discounted or undiscounted stochastic game T and an admissible perturbation H = (3,4, ). The
marginal values exist if either () A > 0; or (ii) A = 0 and r(g,q + €§) = O(e).

Proposition 4. Let 'y be a discounted stochastic game, and H = (g,q,i) an admissible perturbation. Then, (dyv(T'y)), is
uniformly bounded if ¥(q,q + €§) = O(¢).

6. Proofs of Main Results

We are now ready to prove our main results. In the sequel, consider a fixed stochastic gameI' = (K,k,I,];5,4,A) and
an admissible perturbation H = (3,4, ). To alleviate the notation, we set v := v(I') and dyv := dyov(I') throughout
this section. Also, note that we omitted the subindex A in Theorem 1, as the discount rate is fixed. We follow the
same convention in its proof.

6.1. Proof of Theorem 1

The proof is divided into three steps. First, note that the map z + D(z) is well-defined. This is the case as the set of
admissible strategies O*(I') is compact and convex (by the minmax theorem), and the payoff function is bilinear.
Hence, D(z) is well-defined by Sion [28, theorem 3.4]. Second, we argue the existence of at most one z € R such that
D(z) = 0. On the one hand, all the entries of A are positive, as noted in Section 2.2. On the other hand, the monoto-
nicity and continuity of the value operator imply that z — D(z) is a strictly decreasing, continuous, and bijective
map from R to R. Our second step follows. Lastly, we claim that D(dyv) = 0. We present two alternative proofs.
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6.1.1. First Approach. Let (&, X, ym) €(0,1) X A x A be a sequence converging to (0,x, o) such that, for
every m, &, > 0 and (x,,, ,,) is a pair of optimal stationary strategies of the perturbed game I' + ¢,,H, whose value is
denoted by v,,,. To establish the desired result—that is, D(dyv) = 0—it is enough to prove the following relations,
where, as before, Xy = ® rexx| € A(IX) and 1o = ® rexy/ly € AJX):
0 T (OgAF —0duA’ — (pv) A%)y >0, VyeOy(I),
xT(gAF —0duA’ — (Iuv) A% <0, VxeO;(D).
For allm e Nand y € O;(I), the following holds:
0< xT(Ak — Vg, A m)y,
= %, (A = 0A + (A" — 0IuA’ — (o) A)ew +0(em))y,
=2 (AF = oAy + 2] (nA* — 0IuA® — (D0)A)y ey +0(em),
< em &1 (OuA* —vIgA® — (v)A%)y +o(ey,).
Indeed, the first inequality follows from Attia and Oliu-Barton [2, theorem 1]—that is, for any discounted stochastic
game with value v, one has val(A* — vA®) = 0—and from the fact that the olgnmality of x,, in the stochastic game I' +
emH implies the opt1ma11ty of &, in the auxiliary matrix game Ak — 0, A, - The second line is a standard asymp-
totic development for A* , v, and AO at zero. The third line is a Consequence of linearity, as we are dealing with
mixed strategies and matrlx games. The fourth line follows from the choice of y as an optimal strategy of A" — vA”

and from the fact that the latter has value zero by Attia and Oliu-Barton [2, theorem 1]. Dividing the last inequality
by &, and then taking m — oo, one thus obtains

0 T (OuA —0IuA’ — (Irv)A)y >0, Vye Oy(I).
By reversing the roles of the players, one similarly obtains the desired relation for ,, which proves the claim. [
6.1.2. Second Approach. Consider a matrix game M(e) whose entries depend on ¢ and are differentiable in a
neighborhood of zero. Let %M(e) be its entry-wise derivative, and let O*(M) be the set of optimal strategies of M(0).

By Mills [16], if there exist two matrices of the same size M and N such that M(e) = M + ¢N, then the value operator
commutes with differentiation up to a restriction of the strategy domain, namely:

d d
g(val M(€))| =0 = valo-u) (%M(E)u:o) .

The extension of this result to a nonlinear differentiable dependency on ¢ is straightforward. Indeed, in this case,
N := %M(s) |e=o Satisfies M(e) = M(0) + eN + E(¢), where E(¢) is a matrix of same size as M(¢) such that all its entries
are o(¢) as ¢ goes to zero. The extension of Mills’ result follows from the monotonicity and continuity of the value
operator. Next, set M(¢) := WK(v,) = A’; —v.A? for all ¢. Then, by definition, O*(M) = O(W(v)) = O*(T). On the other
hand, val(M(¢)) = 0 for all ¢ sufficiently small by Attia and Oliu-Barton [2, theorem 1]. The desired result follows
then from the differentiable extension of Mills’ result, applied to M(¢). Indeed,

(Gl = 0,00 g = valory (5 (0~ .80
=valo ) (@A —0dgA° — (Igv)AY),
= D(dyv).

These three steps give the desired result. [
6.2. Simplified Formula for Perturbed Payoffs

We consider Theorem 1 for the particular case of a perturbation of the payoffs only—that is, H = (g,0,0). We prove
that, in this case, our formula is equivalent to the following simple expression:

duo(T) = valpn)y(x,y),
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where 7 is the expected payoff function of T = (K, k,1,;3,9, 1), and O(T) is the set of optimal stationary strategies of
I' (not to be Conf%sed with O*(I'), which is the set of optimal strategies of the matrix game W(v)). We proceed in three
steps. First, let A" and A" denote the auxiliary matrices of I'. By construction, A’ = A" because the 0-auxiliary matrix
depends on (g, A1), but not on the payoffs, as noted in Section 2.2. For the same reason dnA® = 0. Second, by the line-
arity of the determinant, the definition of the k-auxiliary matrix implies dyA* = A". Theorem 1 thus boils down to
dnv(T') being the unique solution to

z€R, Valow([‘)(Ak — ZAO) =0.

Third, we prove that O*(I') can be replaced with O(F) in the prev1ous equation. In the proof of Theorem 1 (first
approach, replacing A — 09y A° — (9yv)A° with A (aHv)A ), we proved the existence of xj € A(DX such that

aeg(A — oA’ )y =0, VyeOsT).

0
Using the positivity of A~ and taking the minimum over y, one thus obtains:

On the other hand, the definition of the auxiliary matrices (see Section 2.2) and the multilinearity of the following
map:

ADEx ADEXR > R

(x, y 2 TA§—2z%"A

\Q)

imply that, for any pair of stationary strategies (x, y),

TAk
0

=2

<>

77(903/) =

T

>
<>

=

Putting the last two equations together, one thus obtains

>
ygou?r) 7(x0,y) = Iyv.

Therefore, max,co,r) min,co,rj(x,y) = dyv. Finally, we reverse the roles of the players to obtain the reverse
inequality and conclude because the max min is always smaller or equal to the min max—that is,

Jdyv> min max P(x,y)> max min (xp,vy) > dyo.
" y€0,(T') xeO;(T) 7/( y) x€0,(I) ye0,(I) 7/( 0 ]/) H

This concludes the proof. O
6.3. Proof of Theorem 2

For all A € (0,1], recall that T’y := (K, k,1,];4,4,A), and let v; € R denote its value. Let AY, A',‘\ be the corresponding
auxiliary matrices, and W, (z) := Aﬁ — zAg forallz € R. Lastly, for all z € R, we set

Da(z) :=valo(r) (@Al — vy A} —zAY),
1
F(z) = }mmD;\(z) € [—o0, +00].
We start by assuming the following claims: (1) F is well-defined; (2) F is strictly decreasing, provided it is not con-

stant; and (3) F is not constant. Together, these statements prove that there is a unique point where F changes sign.
Let w be the unique point where F(z) > 0 for all z < w and F(z) < 0 for all z > w. Then, for all 6 > 0, we have that
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F(w — 0) > 0. Therefore, by the definition of F, there exists 1¢ > 0 so that
Dy(w—0)>0, VAe(0,Ay).

By Theorem 1, this implies dyv, > w — 6 for all A € (0, Ag). Because ¢ is arbitrary, we deduce that lim inf,_,o dyv,
> w. Similarly, we deduce that lim sup,_,; dyvs < w. Therefore, lim, .o dgv, exists and satisfies the desired prop-
erty. The rest of the proof proves the three above-mentioned claims.

Claim 1. Recall that, by Puiseux [24], v, is a Puiseux series near zero. Also, the entries of 3HA’,‘\, oA, and Ag are
polynomials in A. Fix z€R. By Mills [16], D,(z) is the value of a linear program (see Appendix A for more
details). Therefore, as A goes to zero, all the rest of parameters being fixed, D,(z) is a piece-wise rational fraction
in A and v,. Hence, A +— D, (z) is a Puiseux series near zero, which gives the desired result.

Claim 2. Consider (z1,2») € R? such that z, > z;. Then, for all A € (0,1] and (x,y) e O*(I'y),
x' (8HAﬁ —0dgA — 1Ay — x7 (8HA]f\ —02dAY — 22A)y = (22 — z1)xT AQy.

Moreover, as all the entries of A} are larger than or equal to A'X!, as noted in Section 2.2, and because x and y are
probabilities, one has

xTAYy > A KL

Maximization over x € O*(I') and minimization over y € O;(I') give then

Da(z1) = Da(z2) + (22 — z1)A K.

IK]|

Division by A'*! and then taking A to zero yields then:

F(Z1) > F(Zz) +Zr —27.
The function F is thus strictly decreasing, provided that it is not constant and equal to +co0 or —co.

Claim 3. By assumption, dyv, is uniformly bounded, so there exists C > 0 such that —C < dyv, < C for all
A €(0,1]. By Theorem 1, one then has D;(C) < 0 < D;(—C) for all A. Division by Al and then taking A to zero
yields F(C) < 0 < F(—C), so, in particular, F is not constant. [

6.4. Differentiation and Limit Operators Do Not Commute

When both the limit of the marginal discounted values and the marginal undiscounted values exist, it is natural to ask
whether they are equal. In this section, first, we show that this is the case in two very particular cases: (a) when |K| =1;
and (b) when |I| = |J| =1and H = (§,0,0). Then, we show by example that these two notions differ in general.

In the sequel, consider a discounted stochastic game I'y = (K, k,1,];g,4,A) with A > 0 and an admissible perturba-
tion H = (3,4,1) and setv, . := val(I'; ) for all (A, ¢) sufficiently small.

a. Assume |K| = 1. The transition function is trivial, and g and g are matrix games of size I X J. Moreover, v, . =
val(g + ¢g) for all ¢, so, in particular, it is independent from A, and thus equal to lim,_,g v,, ., too. By Mills [16], the
marginal value is equal to dyov(I')) =valp ()8, and this expression is both equal to dy limy— v(I'1) and to
lim, o dgo(Ty).

b. Assume |I| =|J| =1 and H = (§,0,0). The game I'; . is then a discounted Markov chain with perturbed pay-
offs. Indeed, the transition function can be identified with a stochastic matrix Q € R®, and the payoffs are state-
dependent and given by g.:=g+¢g € R, Let 1) be the k-th column of 3,.,A(1—A)""'Q"!, and IIj:=
lim; o IT) where the limit exists by semialgebraicity. Then, v, . =I1)g. for all A € (0,1] and ¢ > 0 sufficiently small,
and v, :=limy_ v, = [1pg.- Hence,

. /l\in}) o)) = hn% ITo(g + ef) —Ilog _ 3.

On the other hand, for all fixed A,

— I1 g)—1II
8HU(F/\) - hmv)\,E VA0 = lim /\(g + 88’) A8 - H}\g
e—0 & e—0 &

Taking A to zero gives the desired result—that is, lim, o dgv(I'y) = di im0 v(I'y).
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6.4.1. A Minimal Counterexample. Consider now the example of Section 3.2. For A € [0,1] and ¢ > 0, a direct com-
putation yields:

1 otherwise.

_ {(1—/\)(1+e) ier%,

Hence, for all A > 0, there exists ¢y > 0 small enough such that v, , = 1 forall ¢ € [0, ¢o]. Consequently,

Ure —0A0

}\11)1;[) &HU(F,\) = lli% =0.

On the other hand, forall € > 0, vy =lim; 0 V4, =1+¢,50
Iro(To) = lim 2% — 200 _ .
e—0 &

In other words, lim;_,g dgo(T,) and dyov(Ty) both exist and differ.

6.5. Proof of Proposition 1

We start by proving an analog version of Proposition 1 for the case A + A > 0—that is, that there exists a square sub-
matrix of W,(z), denoted by W,(z), so that P(¢, z) := det(W,(z)) is nonzero and P(¢,v.) = 0 for all € > 0 sufficiently
small. As in Proposition 1, the novelty of this remark is not the existence of such a polynomial, which follows from
the theory of semialgebraic sets (see Section 5.2), but the identification of a tractable set of possible candidates.

For every ¢ >0 sufficiently small, the assumption A + A>0 implies that the perturbed game I+ eH is a
(A + eA)-discounted stochastic game. Consider a Sh?pley_§now kernel W,(v,) of W,(v,), and let A, and A be the
corresponding auxiliary matrices so that W,(z) = A, — zA, for all z. Let us show that P(¢,z) := det(W (z)) is non-
zero and satisfies P(¢,v.) = 0. For the former, we use ]acobi’s formula (i.e., for all two square matrices M and N of
same size, the derivative of z — det(M — zN) is —tr(co(M) " N)) and the definition of W,(z) = A’; —zA?, to get:

3_123(6, V) = —tr(co(Wg(vg))TKS),

On the other hand, by Shapley and Snow [27], for any Shapley-Snow k kernel M of M, all the entries of co(M) are of
the same sign, and not all zero (see Section 5.1). Because all entries of A are strictly positive, as noted in Section 2.2,
it follows that ‘9[; (e,v¢) # 0, so, in particular, P#0. The relation P(¢, Ug) =0 follows from Attia and Oliu-Barton [2,
theorem 1], which implies val(W(v,)) = 0, and from the theory of Shapley and Snow (see Section 5.1), which implies
that for any Shapley-Snow kernel W, (v, ) of W(v,), one has det(W.(v.) = 0. As ¢ goes to zero, the Shapley-Snow ker-
nels may vary, as well as the finitely many polynomials defined as their determinants. Because they are finitely
many, there exists 6 > 0 so that for all two polynomials in this set, either they are equal or they never cross in the
interval (0,6]. If W(vs) is a Shapley-Snow kernel of W;(vs), then P(e, z) := det(Ws(z)) is the desired polynomial sat-
isfying P(¢,v.) = 0 for all ¢ € (0,0]. Moreover, the equality at ¢ = 0 follows from continuity.

We now prove Proposition 1. In this case, A = 0, and also A = 0 by the choice of H = (§,§,0). The perturbed game
I' + ¢H is thus an undiscounted stochastic game for all ¢ sufficiently small. Let ¢ > 0 be fixed. For all € (0,1], con-
sider the auxiliary -discounted stochastic game I'y . := (K, k, I, ];g + €3, q + 4, ), whose value and auxiliary param-
eterized game are denoted, respectively, by vg . and Wy .(z). To this game, we can apply the property that we just
proved—that is, statement (i) at the end of Section 3.2. Hence, there exists 6 >0 and a fixed square submatrix
Wi, (g,) of Wg (v ) so that det(Wp (2)) is a nonzero polynomial in the variables (8,z) and det(Wp :(vp,)) = 0 for
all g € [0, 6]. For this fixed submatrix, as ¢ varies, P(¢, §,z) := det(Wg (z)) defines a polynomial in (8, ¢, z). Its projec-
tion ®(P) € R[¢,z] belongs to the set P, ) by the definition of this set. By definition of ®(P), there exist s > 0 and
polynomials (R;,),,-s in R[e,z] such that P(e, B,z) = D(P)(¢,2)B° + - Rm(e,z)p". This equality holds, as well as
P(e,B,vg,c) =0, for all B € [0,0]. Hence, dividing by ° and letting f go to zero, we have that ®(P)(¢, v, ) = 0, where
0o, :=limg_,o vp . exists as the limit value of a discounted stochastic game by Bewley and Kohlberg [6]. Let ¢ > 0 go
to zero. Although the choice of the polynomial P, and thus ®(P), varies with ¢, because there are only finitely many
candidates for this polynomial, there exist 9 > 0 and ®(P) € P(r, ) such that ®(P)(¢,vp,) = 0 for all ¢ € (0, &o]. Note
that this relation can be extended to ¢ = 0 as soon as the map ¢ — v . is continuous at zero, which gives the desired
result.
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6.6. Proof of Theorem 3

By Proposition 1, there exists a polynomial P such that, for ¢ > 0 sufficiently small, P(¢,v.) = 0. Moreover, the map
€ = v, is continuous at ¢ = 0 by assumption, so P(0,vp) = 0 holds, too. The desired result follows then from the
implicit function theorem (see Krantz and Parks [14]) applied to P € R[¢, z] at (0, vy), which holds as P is continuous
and differentiable, and satisfies P(0,v) = 0 and a%P(O,z) | z=0, # O.

7. Open Questions

Our article contributes to the theory of stochastic games by providing explicit formulas for the marginal values, in
the discounted and the undiscounted case. On the way, however, some questions were raised, but only partially
solved. The following points, for example, deserve further research.

e Complexity of the marginal values. In the present paper, we provided an algorithm to compute approxima-
tions of the marginal discounted values, which is polynomial in |IX| and |J¥| (and the size of the input, assuming it
is rational). To address their exact computation, however, the following questions arise. Are the marginal dis-
counted values algebraic? And, if so, what is a tight bound for their degree and for the size of coefficients of their
minimal polynomial?

e Computation of the limit discounted marginal values. As already noted, Theorem 2 suggests a dichotomic
search algorithm for the limit marginal values based on the computation of (the sign of) F(z) = lim_o A KID, (),
where D, (z) = valo*(r/\)(aHAﬁ — 0, gAY —zAY). The map A — D,(z) is a Puiseux series near zero (see Claim 1 of
Section 6.3), so there exists Ag >0 such that its sign is constant in (0, A9). Hence, determining an explicit lower
bound for Ay is required to derive a bound on the computational complexity of the above-mentioned algorithm. A
similar problem was obtained, and solved, in Oliu-Barton [20], but there, the map A +— D,(z) was a rational frac-
tion near zero. Additional research is thus needed to extend this result to the present case.

e Computability of P in Proposition 1. As noted in the comments after Proposition 1, determining a nonzero
polynomial P € P ) such that P(¢,v,) = 0 for all ¢ sufficiently small may be hard in general. A practical condition
was given—namely, the existence of a pair of optimal stationary strategies in the auxiliary discounted game I's .,
whose support is fixed for all § > 0 and ¢ > 0 sufficiently small. Determining the desired polynomial efficiently in
the absence of this simplifying property requires further research. Further, suppose that the desired polynomial
satisfies £ P(0, 2)|z=0, # 0. Is it always the case that a divider p of P exists satisfying (1) p(¢,v,) =0 for all ¢ suffi-
ciently small, and (2) £p(0,2)|z=q, # 0, as was the case in the Bewley-Kohlberg example? This property would have
two important implications: first, that the formula of Theorem 3 can be applied to every stochastic game; second,
that the undiscounted marginal values are algebraic of the same degree as the undiscounted values.

e Derivation and limit operators. As noted via a minimal example, the derivation and limit operators do not
commute, in general. However, they do commute in certain cases, beyond the ones identified. For example, they
commute in the Big Match. It is thus natural to look for necessary and sufficient conditions for the two operators to
commute.

Acknowledgments
The authors are particularly grateful to Eilon Solan, Krishnendu Chatterjee, and Sylvain Sorin for their insightful remarks on
an earlier version of this draft; and to the editors and reviewers for their important suggestions.

Appendix A. Computational Complexity of Theorem 1
Recall that Theorem 1 gives a characterization of the marginal values of a discounted stochastic game as the unique z € R such
that D(z) = 0, where D(z) is a constrained value problem. We now explain how to derive an algorithm from this characterization
to compute an approximation of the marginal values to a desired level of accuracy. The algorithm is a dichotomic search on
D(z), which is possible because z — D(z) is strictly monotonous. Consequently, its computational complexity is reduced to (1)
bounds on the marginal values, and (2) the complexity of the query D(z).

In the sequel, we assume that the input data are all rational numbers—that is, all entries of (¢,4,§,7) as well as A and A are
rational numbers—and their complexity refers to the size of their binary representation.

Step 1: A bound for the marginal values. By Lemma 1,
3100} < [l + Wl gl + 215 gl

We can therefore start the dichotomic search in the interval [-C, C], where C is an integer upper bound of the previous expres-
sion. This choice ensures that z is a rational number during the dichotomic search, whose size is polynomial in the input.
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Step 2: Computational complexity of D(z). Consider the monotonic operator
z+ D(z) = valo%r)(o'?HAk — () A’ — z AY).

The computation of D(z) calls for two key observations: first, D(z) is the value of a matrix game, where players are restricted to
playing optimal strategies of another matrix game; second, the input of D(z) involves rational numbers and the algebraic num-
ber v(I'). To address them, we use, respectively, Mills [16], who proved that a constrained value problem can be written as a lin-
ear program, and Beling [5], who provided a polynomial-time algorithm to solve linear programs involving algebraic numbers.

Step 2(a): Writing D(z) as a linear program. Let us start by considering a standard linear program—that is, maximize X ¢ sub-
jecttob+AX > 0and X >0, where X,c € R", b e R" and A € R""—and its canonical representation:

0]c

blA]
The value of a matrix game M € R™/ is the solution of the following linear program, where 1; and 1; denote column vectors of
ones in Rl and R/, respectively:

max 2z
X,z

st. xTM>z1,
xT11 = 1,

(z,x) ERXRL.

Its canonical representation is then as follows:

rofl 1. -1 0 0 T
11 0 0 -1 -1
_ -1 1 1
M = 00
0] -1 1
. MT
L0l -1 1 ]

By Mills [16], for all matrices M, N € R/ with val(M) = 0, the constrained value problem valpuyN is a linear program whose
canonical representation can be easily derived from the following block matrix:

ol

The first line and column of this block matrix correspond, respectively, to the objective vector c € R211+3) and to the constraint
vector b € R*IT1*3)_ Explicitly, the constrained value problem valo N is the solution of the following linear program:

max z+u

2,%, 1y, 11,6
s.t. X'™N+0™ 2= (z+u)1y,
xTM >z1;,
xT1; =1,
o1 = u,

I 1
(z,x,up,1,0) ERX R, X Ry X RXR,.

To compute D(z) is thus sufficient to set M := AF — 9(I)A” and N := 9yA* — (') dyA® — z A, so that D(z) = valpaN. The matri-
ces M and N are of equal size, and val M = 0. Consequently, we can compute D(z) by solving the previously described linear
program.
Step 2(b): Computational complexity of D(z). We claim that the computational complexity of D(z) is polynomial in the input
size, notably on the size of A, and on |IX| and [JX|.
Consider an approximation of the marginal dv(I') up to some additive 6 > 0. A dichotomic search requires computing D(z)
on values of z that are rational numbers, whose size is polynomial in the input description and 1/6. On the other hand, D(z) is a
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linear program involving the value o(I'). By Oliu-Barton [20, proposition 1], this is an algebraic number of degree at most 4 :=
min(|I¥[, [J¥|) and whose defining polynomial has coefficients whose size is polynomial in the input size and d. By Beling [5,
theorem 21], because all the numbers involved in the program belong to the extension of the rational numbers by the algebraic
number v(T), this linear program can be solved in polynomial time with respect to the input size, 1/, and its size 2(|I¥| + 3) and
2(|J¥| + 3). We thus conclude that a 6-approximation of d;;v(T') can be obtained in polynomial time with respect to the input
size, 1/6, |IX| and |J¥|. This proves the desired result.

Appendix B. Regularity of the Perturbed Value Function
For completeness, we provide proofs for Propositions 2 and 3. As already mentioned, these two results follow from Solan [29]
(i.e., Lemma 1), Filar and Vrieze [9] (i.e., Lemma 2), and the theory of semialgebraic sets.

B.1. Proof of Proposition 2
Recall that this statement is about the continuity of the perturbed value function. Consider ¢y > 0 such that the perturbation is
well-defined on [0, £9]. We distinguish three cases, A >0, A = A=0,and A >A=0.

i. Assume A > 0. The Lipschitz continuity of ¢ + v, in the interval [0, £¢] follows directly from Lemma 1.

ii. Assume A=A =0and lim,_ r(g,q + €f) = 0. By Lemma 2, for all (¢, ¢’) € [0, eol?,

4|K|r(q +¢q, g +¢'q)

Ver —UVe| < = =
| | (1-2|K|r(q+¢q4, q+¢€'7)),

llg + €8lleo + 1€ — &' [11]lco-

For all fixed & > 0, the map ¢’ +— r(g + €§, g + €') is continuous and equal to zero at ¢’ = ¢. Therefore, ¢ — v, is continuous for
all & > 0 sufficiently small. The continuity at ¢ = 0 follows from lim,_,y (g, + €§) = 0.

ili. Assume A =0 < A and lim,_ r(q,q+¢eG)=0.Fixne[0,eo] >0.Forall € € [n, &], one can writeI' + eH =T + nH + (¢ — n)H,
where the game I + nH is a discounted stochastic game with discount rate 1. Therefore, the case A > 0 can be applied to the game
I' + nH, which is perturbed by (¢ — n)H. We thus deduce that ¢ — v, is right-continuous at 7. The left-continuity can be obtained
similarly by writing I' + ¢H =T +nH + (¢1 — €)(—H) for all ¢ € (0,71]. Hence, ¢ — v, is continuous for all € € (0, &y]. To establish the
continuity at zero, consider, for all € € [0, &¢],

Ve — Uy = (Ve — Wwe) + (W —vp),

where w, is the value of the game (K, k,I,];g,q,¢A). The first term, v, — w,, converges to zero when ¢ goes to zero by Solan [29,
theorem 6]). The second term, w, — vy, converges to zero when ¢ goes to zero because w, — vy by the theory of semialgebraic
sets, as shown by Bewley and Kohlberg [6]. Consequently, lim,_,o+ v, = vy, which proves the desired continuity ate =0. O

B.2. Proof of Proposition 3

Recall that this statement is about the existence of the marginal values. Distinguish the cases A + A>0and A+ A =0, although
the proof relies on both cases in the theory of semi-algebraic sets—namely, in the fact that ¢ — v, admits a Puiseux series expan-
sion near zero. Note that the marginal value dyv(T) is the right-derivative of this map.

i. Assume A + A > 0. Then, T' + ¢H is a discounted stochastic game for all € > 0. Let (¢, x,,v) € R be such that ¢ € [0, 0] is the
perturbation parameter, (x, y) is a pair of optimal stationary strategies in the discounted game I' + ¢H, and v is its value. These con-
ditions define finitely many polynomial equalities and inequalities whose coefficients depend on the entries of (g,3,4,3,4,1).
Hence, the set of such tuples is semialgebraic. By Tarksi-Seidenberg (see Section 5.2), the projection onto the set (¢, ) is semialge-
braic, so the map ¢ — v, is a semialgebraic function. By Proposition 2, it is also continuous, so it admits a Puiseux expansion near
zero. In particular, € - v, is right-differentiable at zero, and, thus, the marginal value exists (possibly being unbounded). A
bound on the marginal value follows from Filar and Vrieze [9, equation (4.19)]—that is, Lemma 1—as this result implies that, for
all € € (0, &),

=0l gy + 1 2l + egil + 215 g + il

ii. Assume A=A =0and lim,_, 7(q,q + ¢§) = 0. Consider the pairs (¢,w) € R? so that w is the value of I' + ¢H. These pairs can
be expressed using first-order formulas over the real field, as follows: V6 >0, 31 > 0, Ix, Fv so that (x, y) and v are, respec-
tively, a pair of optimal stationary strategies and the value of the A-discounted version of I'+¢H, and |v—w]| < 6 for all
A €(0,Ap). These conditions require only finitely many polynomial equations. By the theory of semialgebraic sets, the set con-
taining such pairs is semialgebraic, so, by Tarski-Seidenberg, the graph of the map ¢ + v, is semialgebraic. By Proposition 2,
this map is also continuous, so it admits a Puiseux expansion near zero. In particular, ¢ — v, is right-differentiable at zero, so
the marginal value exists. Set 7, := r(q, q + 4). Then, by Solan [29, theorem 6]—that is, Lemma 2 setting ¢’ = 0—for all ¢ € [0, &¢],
one has
4|K|r,

- <— = 4|
loc =20l < Ty I8lke + el

Abound for ¢ — 2% near zero follows then from the assumptionr. = O(¢). O
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B.3. Proof of Proposition 4

Recall that this result is about a uniform bound for the discounted marginal values. Let us show that this follows directly from
Solan [29, theorem 6]. By assumption, one has 7. = O(¢). Therefore, there exists L > 0 such that, for all A € (0,1] and all ¢ suffi-
ciently small,

[01,e —va0l 4|K|L -
: < + .
- <{ _2|K|Lg)+llgllw 1€l

Taking ¢ to zero gives the desired result—that is,

|onoa| < 4IK|L+[Bllo, VA €(0,1]. O

Appendix C. Compact-Continuous Stochastic Games

In this section, we consider the extension of Theorem 1 to the compact-continuous case—that is, to discounted stochastic games
over a finite state space, but where the sets of actions are compact metric sets, and the payoff and the transition functions are con-
tinuous. The existence of a value for compact-continuous discounted stochastic games follows from Shapley [26] and Sion [28].
The extension of Theorem 2 to the compact-continuous case fails. This is the case because the discounted values may fail to have
a limit, as shown by Vigeral [31].

C.1. Preliminaries

In the sequel, let T = (K, k,1,];g,9, 1) be a discounted compact-continuous stochastic game with value v. Because action sets I and |
are compact metric spaces and A(I) and A(J) denote, respectively, the sets of probability distributions over I and J, these sets are
compact and convex when endowed with the weak* topology. For any ¢ > 0 sufficiently small, and any perturbation H = (3,4, 1),
let T, :=T + ¢H denote the perturbed game, and let v, denote its value.

The auxiliary games Ag and Alg and W, (z) are defined as in the finite case (see Section 2.2). In other words, recall that each pair
of pure stationary strategies (i,j) € IX X J¥ induces a Markov chain Q,(i,j) € R®*F with payoffs g.(i,j) € R. Then, A’(i,j) :=
det(Id — (1 — 1)Q,(i,j)) and A};(i, j) is the determinant of the matrix obtained by replacing the k-th column of Id — (1 — A)Q.(i,j)
with the vector Ag,(i,j). Finally, for each z € R, one sets:

WS[Z](iri) = Al;(irj) *ZAg(irj)

For ¢ = 0, we use the notation A°, AF, and W(z).

Contrary to the finite case, the auxiliary games are no longer matrix games, but compact-continuous zero-sum games. By Sion
[28, theorem 3.4], they have a value (in mixed strategies), and the sets of optimal strategies are compact and convex. In particular,
this is the case for O1(I"") and O,(T™), the set of optimal strategies of W(v).

Note that the games A and 9y A are well-defined, as for each (i,j), the maps ¢ — Ag(i,j) and ¢ — Alz (i,j) are polynomials
in €. Hence, the following Taylor expansions hold:

Ag =A"+edyA’+o(e) and A'; = A"+ e agAf +o(e),

where, by a slight abuse in the notation, o(¢) denotes a matrix of size IX X JX that depends on ¢, satisfying lim,_|lo(¢)||../€ = 0.
The two appearances of o(¢) do not denote the same matrix, but possibly two matrices with the same asymptotic property.

C.2. Existence of the Marginal Values

In the finite case, the existence proof of the marginal values relied on the theory of semi-algebraic sets—namely, on the fact that
the map ¢ - v(I' + ¢H) is a Puiseux series near zero. However, this theory does not apply to the compact-continuous frame-
work. Therefore, we describe an alternative approach not relying on the existence of the marginal value and extend the proof of
Theorem 1 to the compact-continuous case.

C.3. Extension of Theorem 1
Let I'=(K,k 1,j;4,9,A) be a compact-continuous discounted stochastic game with value v :=o(I). For each ¢ >0, set . :=
%(vs — ). We claim that dyv := lim,_q ¢, exists and is equal to the unique z € R so that

D/\(Z) = ValO‘(r)(aHAk — ’UaHAO — ZAO) =0.

Proof. First, we claim that the existence of at most one z € R such that D,(z) = 0. This is the case as, for all two games M and N
over the same action sets, the value function (unconstrained or constrained over some convex compact subset of strategies)
satisfies:

e Monotonicity. |val(M) — val(N)|| < ||M — N||..;

e Continuity. The ma[p z + val(M + zN) is continuous.

Further, ||A%||, > A'XT > 0, like in the finite case described in Section 2.2. The extension to the compact case holds because,
for every stationary action profile (i,j) € IX X JX, the matrix Q(i,j) is still a Markov chain over a finite state space, and
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A%G4,j) = det(Id — (1 — 1)Q(i,j)) = A'XI like in the finite case. Altogether, these properties imply that z — D, (z) is strictly decreas-
ing and bijective from R to R, which proves the claim.
Now, let L € R be the unique solution of D,(z) = 0. To prove that lim,_, £, exists and is equal to L, we proceed in five steps.
Step 1. A simple algebraic rearrangement yields v.A” = vA? + e t. A? + v (A? — A°). Together with the Taylor expansions of A”
and A';, one obtains:

A’; —v A= A+ edy A +o(e) — (A + ¢t A +0 (e A +o(e)),

= A — oA + (I A* — vIuA® — t.A%) +o(e).

Rearranging terms, and adding the term —eLA to both sides, one thus obtains:
A — 0 AY + e(£.A — LA®) + 0(e) = AF — 0A° + (O AF — 0 A° — LAY).

Step 2. By the extension of Attia and Oliu-Barton [2, theorem 1] to the compact-continuous case, Val(A]; — 0, Ag) =0 for all
¢ > 0. Applying Rosenberg and Sorin [25, proposition 4] to the compact-continuous game A* —vA” perturbed in the direction
A —v9gA° — LA yields

_ val(AF — 0A” + e(OnAF — vIuAY — LAY))
lim

-0 & - D/\(L)

Step 3. By the definition of L, the right-hand side of the previous equation equals zero. Therefore,
val(A* — vA® + (O AF — vIgA® — LAY)) = o(e).

Together with the last equation of Step 1, and the monotonicity of the value function, this implies:
Val(AZ — 0 AY + e(t.A” — LA®)) = o(e).
Step 4. Next, the equality A = Ag +0(1) implies:

e(teAY — LA®) = e(t.A? — L(A? +0(1)))

=e(te — L)AY +o(e).

Replacing in the last equation of Step 3 one thus gets:
Val(A’; — 0 A+ e(t. — L)AY) = o(e).

Step 5. Lastly, ||A?]|., > (A + eA)¥! for any € > 0, as long as q + €7 is a transition function, as noted earlier in the proof (i.e., the
construction of Section 2.2 applies to the function (i,j) € IX x JX — A'(4,j) € R). Also, recall that Val(Alj —v.AY) =0forall e >0
by Step 2. Hence,

[val(Af — 0, AY + e(t. — L)AY)| > et — L|(A + ).

Combining with the last equation of Step 4, one obtains |, — L|(A +¢A) Kl = 5(1). Hence, in particular, lim,_,o t, = L, which is
the desired result. O
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