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Abstract. Matrix games are the most basic model in game theory, and yet robustness with 
respect to small perturbations of the matrix entries is not fully understood. In this paper, 
we introduce value positivity and uniform value positivity, two properties that refine the 
notion of optimality in the context of polynomially perturbed matrix games. The first con
cept captures how the value depends on the perturbation parameter, and the second con
sists of the existence of a fixed strategy that guarantees the value of the unperturbed matrix 
game for every sufficiently small positive parameter. We provide polynomial-time algo
rithms to check whether a polynomially perturbed matrix game satisfies these properties. 
We further provide the functional form for a parameterized optimal strategy and the value 
function. Finally, we translate our results to linear programming and stochastic games, 
where value positivity is related to the existence of robust solutions.
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1. Introduction
Matrix games are the most basic model in game theory, where two opponents face each other over finitely many 
actions. The existence of the value and optimal strategies was established nearly 100 years ago (von Neumann 
[49]) and yet, surprisingly, robustness with respect to small perturbations of the matrix entries is not fully 
understood.

We consider polynomial matrix games, that is, matrix games where the entries are polynomial functions of some 
real parameter ε ≥ 0. The matrix corresponding to ε � 0 is interpreted as the unperturbed game, as opposed to 
the other matrices, which are perturbed games. In a recent paper, Attia and Oliu-Barton [3] pointed out that poly
nomial matrix games arise naturally in the study of stochastic games, the first dynamic game introduced in the 
literature (Shapley [41], Solan and Vieille [43]).

In the context of polynomially perturbed matrix games, we introduce value positivity and uniform value positiv
ity, two properties that refine the notion of optimality in matrix games. Whereas the first captures the depen
dency of optimal strategies with respect to perturbations, the second consists of the existence of a fixed strategy 
guaranteeing the value of the unperturbed matrix game for all sufficiently small positive parameters. Applied to 
linear programs (LPs), which are known to be equivalent to matrix games (Adler [1], Dantzig [14]), and stochas
tic games, these properties imply the existence of robust solutions and optimal strategies, respectively.

Matrix Games
A matrix game is a game played between two opponents. It is represented by a matrix M0, where rows (respec
tively, columns) correspond to possible actions for the row (respectively, column)-player, and the entry (M0)i, j is 
the reward the column-player pays the row-player when the pair of actions (i, j) is chosen. The two players 
choose actions simultaneously and independently, possibly randomizing their choices. Randomized strategies 
are called mixed strategies. The value of a matrix game, denoted val M0, is the maximum amount the row-player 
can guarantee, that is, the amount one can obtain regardless of the column-player’s strategy. By the min-max the
orem (von Neumann [49]), it is also the minimum amount the column-player can guarantee, and both players 
have optimal mixed strategies. The value can be computed by solving a linear program, which can be solved in 
polynomial time (Khachiyan [27]).
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Polynomial Matrix Games
A polynomial matrix game M is described by (K+ 1) matrices, M0, M1, M2, : : : , MK. We associate to each ε ≥ 0 the 
reward M(ε) �M0 +M1ε+⋯ +MKεK. The parameter ε represents the magnitude of a perturbation. The matrix 
game M(0) �M0 is referred to as the unperturbed matrix game, whereas M1 is the first-order perturbation, M2 is 
the second-order perturbation, and so on.

Value-Positivity Problems
We aim to understand how the value and the optimal strategies of a polynomial matrix game vary with the 
parameter. For every mixed strategy p of the row-player, we denote the amount that the row-player guarantees 
in the matrix game M(ε) when playing the strategy p by val (M(ε); p). We introduce value positivity to capture 
the existence of strategies that are robust to perturbations. More precisely, we consider two properties: (i) value 
positivity asks whether there exists ε0 > 0 such that, for all ε ∈ [0,ε0] there is a strategy pε such that val (M(ε); pε)
≥ val (M0), and (ii) uniform value positivity asks whether there exists a fixed strategy p and ε0 > 0 such that 
val (M(ε); p) ≥ val (M0) holds for all ε ∈ [0,ε0]. Lastly, we consider the functional form problem, which consists of 
giving the analytical form of the function ε ⊢→ val M(ε), and of an optimal strategy, in some right neighborhood of 
zero. Without loss of generality, we assume val M0 � 0 throughout the paper, as the value operator translates con
stants; that is, for every matrix A and constant c ∈ R, we have that val (A+ cU) � val (A) + c, where U is a matrix 
of ones of the same size as A. This justifies the terminology of value positivity and uniform value positivity.

Relevance
Both value positivity and uniform value positivity capture the existence of robust strategies, where robustness is 
to be understood as guaranteeing the value of the unperturbed value for all sufficiently small perturbations. Uni
form value positivity is a stronger notion, where the strategy is fixed, as opposed to value positivity where the 
strategy can depend on ε. Relying on the equivalence between matrix games and linear programming, we trans
late the notion of value positivity to perturbed linear programming. Further, we exploit the connection between 
stochastic games and polynomial matrix games from Attia and Oliu-Barton [3] to connect value positivity with 
lower bounds on the discounted and undiscounted values of a stochastic game and uniform value positivity 
with the existence of an optimal stationary strategy in undiscounted stochastic games.

Linear Programming
Linear programming is an optimization problem where both the objective function and the (finitely many) con
straints are linear (Dantzig [15], Kuhn and Tucker [28], Rockafellar [39]). An LP (P) is represented by a matrix A 
and vectors b and c; the objective is to maximize the function x ⊢→ c⊤x subject to the constraints Ax ≤ b and 
x ≥ 0. The value of the LP, denoted val (P), is +∞ if the maximum is unbounded and �∞ if constraints are infea
sible, or it belongs to R otherwise. A vector is feasible in (P) if it satisfies the constraints. A solution of (P) is a fea
sible vector x∗ ∈ Rn such that val (P) � c⊤x∗. By the strong duality theorem (Adler [1], Dantzig [15]), LPs have a 
related dual LP. Moreover, as Brooks and Reny [12] put it, LPs are equivalent to matrix games “both in the sense 
that a solution to any matrix game can be obtained by solving a suitably chosen LP problem and vice versa, as 
well as in the sense that their fundamental theorems, minimax and strong duality, each follow from the other.”

Perturbed LPs
Analogous to our approach for matrix games, we consider that A, b, c allow perturbations modeled by polyno
mials; that is, A(ε) �A0 +A1ε+⋯ +Akεk, b(ε) � b0 + b1ε+⋯ +bkεk, c(ε) � c0 + c1ε+⋯ +ckεk. Denote (P(ε)) the LP 
given by the A(ε), b(ε) and c(ε). We aim to understand how the value and the optimal strategies vary with the 
parameter, so we look into optimization-based interpretations of robustness. We consider how feasibility, opti
mal points, and the value function ε ⊢→ val (P(ε)) change for sufficiently small positive parameters. Similar to 
the value-positivity problems, we consider the following robustness problems: (i) the weak robustness problem 
asks whether there exists a sufficiently small ε0 > 0 such that, for all ε ≤ ε0, the corresponding LP is feasible and 
bounded, that is, if val (P(ε)) ∈ R; and (ii) the strong robustness problem asks whether there exists a fixed vector x∗
and sufficiently small ε0 > 0 such that, for all ε ≤ ε0, the vector x∗ is a solution of (P(ε)). Also, we consider the 
functional form problem, which consists of computing the analytical form of the functions ε ⊢→ val (P(ε)) and 
ε ⊢→ x∗ε.

Previous Results
The continuity and Lipschitz property of the value function of matrix games is well-known. Because the value 
function is not Fréchet differentiable, the stability analysis of matrix games is a classical problem usually 
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investigated through directional derivatives. Mills [33] considered a linearly perturbed matrix game, that is, 
ε→M0 + εM1, also framed as a perturbation of M0 in the direction of M1ε. A characterization was obtained for 
the right derivative of this function, together with a polynomial-time algorithm, based on the reduction to an 
auxiliary LP of similar size. Value positivity and uniform value positivity were never addressed before.

Our Contributions
Our main contributions are the following. 

1. We show that value positivity and uniform value positivity problems differ and cannot be derived from Mills 
[33], even for linear perturbations, because the value can have a nonlinear dependency on the perturbation parame
ter (see Example 1).

2. We present polynomial-time algorithms to solve value positivity, uniform value positivity, and functional 
form problems for polynomial matrix games.

3. We apply this approach to perturbed linear programming to derive similar robustness results and show that 
weak (respectively, strong) robustness for perturbed LPs has a polynomial-time reduction to value positivity 
(respectively, uniform value positivity) for polynomial matrix games.

Related Works
Perturbed matrix games go back to Mills [33], who characterized the right derivative of the value function. This 
result was extended to a broader class of games in Sorin [44], using an operator approach. Perturbed games can 
be seen as a set of parametrized games; the regularity of the value function and the set of ε-optimal strategies 
were studied in Tijs and Vrieze [47] for a broad class of games. The asymptotic behavior of perturbed games has 
been studied in Altman et al. [2].

More generally, perturbation theory is a broad field, and general perturbed linear programs have been studied 
(Avrachenkov et al. [7]). Previous research has focused on perturbations only to the objective function or the 
right-hand side of the constraints (Fiacco [18, 19], Gal [20], Gal et al. [21]), whereas research on general perturba
tion that affects the entries of the matrix is sparse (Jeroslow [24, 25]). LPs with general perturbations can exhibit 
very different behaviors; for example, feasibility can change for small perturbations, or the limit of optimal strate
gies as the perturbation vanishes is no longer feasible. Therefore, assumptions on the effect of the perturbation 
are usually taken. Checking whether these conditions are satisfied may take exponential time. In our case, we 
make the following structural assumption: both the primal and dual perturbed problems have uniformly 
bounded feasible regions. Under this class of perturbed LPs, our approach yields polynomial-time algorithms. 
For a general introduction to perturbation theory, see Avrachenkov et al. [7], who also present general computa
tional results where the best algorithm so far takes exponential time in the worst case.

A particular class of perturbed LPs with efficient algorithms is described in Ruhe [40], studying parametric 
flows, which boils down to studying perturbed LPs where only the objective function depends on the perturba
tion, and therefore, efficient methods can be applied. Imprecise matrix games include interval matrix games that 
have been studied, for example, in Verma and Kumar [48], where an exponential time algorithm is given to com
pute the value and optimal strategies.

Outline
First, we present the analysis for value-positivity problems: Section 2 introduces basic definitions, classical results, 
and our main contribution; Section 3 clarifies the relationship between the value-positive and uniform value- 
positive problems and their connection with Mills [33]; and Section 4 presents polynomial-time algorithms for 
value-positivity, uniform value-positivity, and functional form problems. Second, we present a reduction from 
robustness problems of perturbed LPs to value-positivity problems of polynomial matrix games in Section 5. Third, 
we provide new ways to analyze stochastic games using value positivity and uniform value positivity in Section 6. 
Finally, Section 7 discusses a couple of natural extensions of our results, and Section 8 presents the conclusion.

2. Preliminaries
In this section, we introduce basic definitions, classical results, and our main contribution.

2.1. Basic Definitions
For an integer m ∈ N, we denote the set of integers from one to m by [m] :� {1, 2, : : : , m} and the set of probability 
distributions over [m] by ∆[m]. In the sequel, we consider matrices with rational entries. Let us start with basic 
definitions such as matrix games, linear programs, and some of their connections.
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Definition 1 (Matrix Games). A matrix game is given by a matrix M of size m × m. Both players have the same 
strategy set ∆[m]. Given p ∈ ∆[m], denote (p⊤M)j, the reward the row-player obtains by using strategy p if the 
column-player plays action j ∈ [m] in the matrix game M. The value of the matrix game M is

val M :� max
p∈∆[m]

min
j∈[m]
(p⊤M)j:

An optimal strategy for the row-player is a strategy p ∈ ∆[m] such that, for all j ∈ [m], we have that (p⊤M)j ≥
val M. Properties of the value for matrix games, as well as the continuity of the value function, go back to von 
Neumann [49].

Definition 2 (Linear Program). An LP of size m × m is given by

(P)
max

x
c⊤x

s:t: Ax ≤ b
x ≥ 0,

8
><

>:

where the matrix A has size m × m. The value of the LP, denoted val (P), is +∞ if the maximum is unbounded 
and �∞ if constraints are infeasible, and it belongs to R otherwise. We say a vector x ∈ Rn is feasible for (P) if 
Ax ≤ b and x ≥ 0. An LP is feasible if it has a feasible vector. For a feasible LP with bounded value, a feasible vec
tor x∗ ∈ Rn is a solution if val (P) � c⊤x∗ ≥ c⊤x for every feasible vector x.

LP for a Matrix Game. Computing the value of a matrix game M can be done in polynomial time by solving a lin
ear program such that val (PM) � val M, given as follows.

(PM)

max
p, z

z

s:t: (p⊤M)j ≥ z, ∀j ∈ [m]
p ∈ ∆([m])

:

8
>><

>>:

Simplifications. For our purposes, it is enough to consider matrices M and A and vectors b and c that have 
integer entries. This is without loss of generality by standard linear transformations. For example, for matrix 
games, the value function satisfies (i) for all positive scalars λ, we have val (λM) � λval M, and (ii) for all scalars 
r, we have val (r+M) � r+ val M. Also, for LPs, inequalities can be multiplied by positive constants, and the 
objective function can be multiplied by positive scalars, as its value follows a similar relationship to the value of 
matrix games. Note that such linear transformations have no consequences in the complexity of algorithms, as 
the value of a matrix game with rational entries is the solution of an LP with rational entries and therefore has 
polynomial binary size. Finally, the fact that M and A are square is also without loss of generality, as, for matrix 
games, rows and columns can be duplicated, and for LPs, constraints can be duplicated, and slack variables can 
be introduced.

We now turn to perturbed matrix games and the value-positivity problems.

Definition 3 (Polynomial Matrix Games). A polynomial matrix game M(·) of degree K and size m × m is a square 
matrix whose entries are polynomials of degree K with integer coefficients; that is, for all ε ≥ 0,

M(ε) �M0 +M1ε+⋯ +MKε
K, 

where M0, M1, : : : , MK ∈ Zm×m. If K � 1, then M(·) is called a linear matrix game.
Informally, the value-positivity problems consider a polynomial matrix game M(·) and the goal is to compare 

val M(ε) with val M(0) for small positive ε. Intuitively, ε stands for the magnitude of small perturbations in a 
known direction. For simplicity and without loss of generality, we assume that val M(0) � val M0 is zero. We 
study several variants of value positivity of polynomial matrix games and the functional form problem.

Definition 4 (Value-Positivity Problem). Given a polynomial matrix M(·), with val M(0) � 0, the value-positivity prob
lem is to determine, for each ε ≥ 0 small enough, the existence of a strategy that ensures a reward greater or equal 
to zero for the row-player when playing M(ε). Formally, it consists of the following decision problem:

∃ε0 > 0 ∀ε ∈ [0,ε0] ∃pε ∈ ∆[m] ∀j ∈ [m] (p⊤εM(ε))j ≥ 0, 

or, equivalently, deciding if there exists ε0 such that, for all ε ∈ [0,ε0], we have that val M(ε) ≥ 0. If the answer is 
yes, then M(·) is called value positive.
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Definition 5 (Uniform Value-Positivity Problem). Given a polynomial matrix M(·), the uniform value-positivity problem 
is to determine the existence of a fixed strategy that ensures a reward greater or equal to zero for the row-player 
when playing M(ε) for all sufficiently small ε ≥ 0. Formally, it consists of the following decision problem:

∃p0 ∈ ∆[m] ∃ε0 > 0 ∀ε ∈ [0,ε0] ∀j ∈ [m] (p⊤0 M(ε))j ≥ 0:

If the answer is yes, then M(·) is called uniform value positive.

Definition 6 (Functional Form Problem). Given a polynomial matrix M(·), the functional form problem is to compute 
the function ε ⊢→ val M(ε) and a selection of optimal strategies for the row-player ε ⊢→ p∗(ε) in an interval of the 
form [0,ε0] for some ε0 > 0.

Note that the value function of a polynomial matrix game is known to be a continuous piecewise rational func
tion (see Theorem 2 below; because of Shapley and Snow [42]). Therefore, a solution to the functional form prob
lem is encoded by rational functions R and p∗ such that, for all ε ∈ [0,ε0],

val M(ε) � R(ε), 

and p∗(ε) is an optimal strategy of the matrix game M(ε).
The functional form of the value function ε ⊢→ val M(ε) has been studied by Mills [33]. Specifically, Mills 

focused on computing the right derivative of the value of a perturbed matrix game, and therefore, only linear 
matrix games were considered.

Definition 7 (Right Derivative of the Value Problem). Given a linear matrix M(ε) �M0 +M1ε, the right derivative of the 
value problem is to compute the right derivative of the function ε ⊢→ val M(ε) at zero. Formally,

D val M(0+) :� lim
ε→0+

val M(ε)� val M(0)
ε

:

2.2. Classical Results
Mills states the following result:

Theorem 1 (Mills [33, Theorem 1]). For linear matrix games M(ε) �M0 +M1(ε) the following assertions hold: 
1. Right-derivative characterization.

D val M(0+) � max
p∈P(M0)

min
q∈Q(M0)

p⊤M1q, 

where P(M0) and Q(M0) are the set of optimal strategies for the row- and column-player, respectively, for the matrix game 
M0.

2. Right derivative computation. We obtain D val M(0+) by solving an explicit LP twice the size of M(·).

Recall that for a matrix M ∈ Rm×m, its cofactor of index (i, j) ∈ [m] × [m] is the determinant of the matrix 
obtained by deleting row i and column j from M if m > 1, and one otherwise. The following result because of 
Shapley and Snow is fundamental in our setting.

Theorem 2 (Value Characterization (Shapley and Snow [42])). Consider a matrix game M. There exists a square submatrix 
M such that 1⊤co (M)1 ≠ 0 and

val M � det M
1⊤co (M)1

, p∗⊤ � 1⊤co (M)
1⊤co (M)1

, 

where 1 is the vector of ones of the corresponding size, co (M) is the matrix of the cofactors of M, and p∗ is an optimal strat
egy of M when extended by zeros in the missing coordinates.

2.3. Our Contribution
Our main contribution is the following.

Theorem 3. We present polynomial-time algorithms for the value-positivity, uniform value-positivity, and functional form 
problems.

Significance. By computing the functional form, we extend the result of Mills (which computes only the right 
derivative) and Shapley and Snow (which computes the value of unperturbed matrix games). Moreover, we solve 
the above-mentioned value-positivity problems, which have a clear game-theoretical interpretation. Section 4 is 
dedicated to the proof of Theorem 3.
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3. Examples and Implications
We clarify the relationship between value positive and uniform value positive and their connection with the right 
derivative.

Theorem 4 (Strict Implications of Problems). Consider a polynomial matrix game M(·). 
1. If M(·) is uniform value positive, then it is value positive, but the converse does not hold.
2. For linear matrices M(ε) �M0 +M1ε, 

a. if M(·) is value positive, then D val M(0+) ≥ 0, but the converse does not hold.
b. if M(·) is uniform value positive, then D val M(0+) ≥ 0, but the converse does not hold.
c. if D val M(0+) > 0, then M(·) is value positive, but the converse does not hold.
d. D val M(0+) > 0 does not imply that M(·) is uniform value positive.

Proof. We prove the affirmative implications and the following examples show the implications that do not hold. 
1. Assume that M(·) is uniform value positive. Then, there exists a strategy p0 ∈ ∆[m] that ensures a positive 

value for small ε ≥ 0. Because p0 is one out of all possible strategies for the row-player, we have that val M(ε) ≥
minj∈[m](p⊤0 M(ε))j ≥ 0, where the last inequality holds for ε small enough. Therefore, M(·) is value positive.

2. Consider a linear matrix M(ε) �M0 +M1ε. 
a. Assume that M(·) is value positive. Then, for ε small enough, we have that val M(ε) ≥ 0. Therefore, tak

ing the limit as ε goes to zero, we have that

D val M(0+) � lim
ε→0+

val M(ε)
ε

≥ 0:

This proves that value positivity implies a positive right derivative of the value function at zero.
b. Assume that M(·) is uniform value positive. By Theorem 4.1, we have that M(·) is value positive. By The

orem 4.2(a), we have that D val M(0+) ≥ 0.
c. Assume that D val M(0+) > 0. Because val M(·) is a smooth function in some right neighborhood of zero, 

D val M(0+) > 0 implies that val M(ε) > 0 for ε small enough. Therefore, M(·) is value positive. w

A single example shows that the implications in items 1, 2(b), and 2(c) of Theorem 4 are tight. It consists of a 
linear matrix game such that (i) the right derivative of the value function is zero; that is, D val M(0+) � 0; (ii) it is 
value positive; and (iii) it is not uniform value positive.

Example 1 (One-Way Implications). Consider the following linear matrix game with two actions per player.

M(ε) � 1 �1
�1 1

� �

+
1 �3
0 2

� �

ε:

For every ε > 0, the unique optimal strategy for the row-player is given by

pε �
1+ ε

2+ 3ε ,
1+ 2ε
2+ 3ε

� �⊤

:

Therefore,

val M(ε) � ε2

2 + 3ε :

Hence, D val M(0+) � 0, and M(·) is value positive. However, note that there is no fixed strategy p0 such that, for 
all small ε > 0, p0 guarantees a positive value for the row-player. Indeed, consider some strategy p ∈ ∆[2]. Then, 
either the probability of playing the top row under p is strictly less than 1/2, in which case the column-player 
can choose the left column to ensure a negative payoff, or the probability of playing the top row is at least 1/2, in 
which case the column-player can choose the right column to ensure a negative payoff for every ε > 0. Therefore, 
the polynomial matrix game M(·) is not uniform value positive.

The following example shows that the implication in item 2-(a) of Theorem 4 is tight. It consists of a linear 
matrix game such that (i) the right derivative is zero, and (ii) it is not value

Example 2 (Zero Derivative But Not Value Positive). Consider the following linear matrix game with two actions per 
player.

M(ε) � 1 �1
�1 1

� �

+
1 1
0 �2

� �

ε:
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For every ε > 0, the unique optimal strategy for the row-player is given by

pε �
1� ε
2� ε ,

1
2� ε

� �⊤

:

Therefore,

val M(ε) � �ε
2

2� ε :

Hence, D val M(0+) � 0, and M(·) is not value positive.
The following example proves item 2(d) of Theorem 4. It consists of a linear matrix game such that (i) the right 

derivative is strictly positive, and (ii) it is not uniform value positive.
Example 3 (Tightness of Results). Consider the following linear matrix game with two actions per player.

M(ε) � 0 0
�1 1

� �

+
2 �1
0 0

� �

ε:

For every ε > 0, the unique optimal strategy for the row-player is given by

pε �
2

2+ 3ε ,
3ε

2+ 3ε

� �⊤

, 

and the value function is
val M(ε) � ε

2+ 3ε :

Hence, M(·) is value positive, and D val M(0+) � 1=2 > 0. However, M(·) is not uniform value positive. This com
pletes the proof of Theorem 4.

Implications
Examples 1, 2, and 3 show the following interesting implications. 

1. The value-positivity and uniform value-positivity problems are different, and they are not captured by the 
right derivative provided by Mills [33].

2. Even for linear matrix games, the value function can be quadratic; see Example 1. In fact, for linear matrix 
games of size m × m, the value function can be of order m. Therefore, again, the right derivative solves neither the 
value positivity nor the uniform value-positivity problems.

Because the existing approaches of Mills [33] do not solve the value-positivity problems, we consider algo
rithms for them in Section 4.

4. Algorithms
In this section, we present polynomial-time algorithms for the value-positivity, uniform value-positivity, and 
functional form problems.

4.1. Value Positivity
The value-positivity problem consists of recognizing polynomial matrix games whose value is positive in some 
right neighborhood of zero.

Main Algorithmic Idea. The key insight is that because the polynomials have integer coefficients, the value func
tion is a continuous, piecewise rational function; see Theorem 2. In particular, there is a root separation, so it is suf
ficient to know the sign of the value function at some ε0 > 0 small enough. Algorithm 1 computes the small 
parameter ε0 and the value val M(ε0), and it decides whether the polynomial matrix game is value positive or not.

Algorithm 1 (Value-Positivity Algorithm)
Input: M(·) polynomial matrix game of degree K and size m × m
Output: true if the polynomial matrix game is value-positive; false otherwise 

1: B←maxi, j, k{ |M
i, j
k | } . Maximum absolute entry

2: ε0← (2m5K2B)�11m2K 
. The sign of the value function does not change in [0,ε0]

3: if val M(ε0) ≥ 0 then
4: return true
5: end if
6: return false
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Lemma 1 (Correctness and Complexity of Algorithm 1). Given a polynomial matrix game M(·), Algorithm 1 returns true if 
and only if M(·) is value positive. Moreover, it runs in polynomial time.

Proof of Lemma 1 is given in Section 4.4.

4.2. Functional Form
The functional form problem consists of computing the functions ε ⊢→ val M(ε) and ε ⊢→ p∗(ε), where p∗(ε) is an 
optimal strategy of the matrix game M(ε), in some right neighborhood of zero. Note that if there is more than 
one optimal strategy, then the problem imposes no restriction on which optimal strategy should be returned.

Main Algorithmic Idea. By Theorem 2, these two functions are piecewise rational of bounded degree. Therefore, 
we only need to compute their coefficients. One can recover their coefficients from evaluations by solving a sys
tem of linear equations (Jacobi [23]). Indeed, consider a rational function where the numerator and denominator 
have degrees Nd and Dd, respectively,

f (ε) � a0 + a1ε+ ⋯ + aNdε
Nd

1 + b1ε+ ⋯ + bDdε
Dd
:

Then, the coefficients a0, a1, : : : aNd and b1, b2, : : :bDd can be computed by fitting a linear model of the form

y � a0 + a1x+⋯ + aNd xNd � b1xy�⋯�bDd xDd y:

This model has (Nd + 1+Dd) parameters. To fit this model and obtain the coefficients of the rational function, we 
only require (Nd + 1+Dd) evaluations, that is, pairs of points (xi, f (xi))i∈[Nd+1+Dd]

. On the one hand, for the value 
function, this reconstruction can be done from sufficiently many pairs of points (ε, val M(ε)). On the other hand, 
for optimal strategies, to compute points of a single rational function, we have to deal with one more problem, 
namely, the selection of the optimal strategy. We solve this problem by computing Shapley-Snow kernels, which 
also will provide us bounds on the degree and size of the coefficients of the model we fit.

Definition 8 (Shapley-Snow Kernel). Consider a matrix game M of size m × m. Then, every pair of sets of actions 
for each player (I, J), where I ⊆ [m] and J ⊆ [m], induces a smaller matrix game M where players are restricted to 
choose an action from I and J, respectively. A pair (I, J) is called a Shapley-Snow kernel if it induces a matrix game 
M such that 1⊤co (M)1 ≠ 0, and

val M � det M
1⊤co (M)1

, p∗ � co (M)
1⊤co (M)1

1, 

where 1 is the vector of ones of the corresponding size, co (M) is the matrix of cofactors of M, and p∗ is the 
unique optimal strategy for the matrix game M.

Asymptotic Kernel. By Theorem 2, every matrix game has at least one Shapley-Snow kernel. Moreover, there 
exists some pair of subsets that is a Shapley-Snow kernel for every ε > 0 sufficiently small. Indeed, consider the 
perturbed matrix game M(·). For each ε > 0, the matrix game M(ε) has a Shapley-Snow kernel associated to a 
submatrix M(ε), and

val M(ε) � det M(ε)
1⊤co (M(ε))1

:

Note that there are at most (2m� 1) · (2m� 1) rational functions of the form ε ⊢→ det M(ε)
1⊤co (M(ε))1

, one for each possible 
Shapley-Snow kernel. Moreover, two different such functions can coincide in only finitely many points. There
fore, because the function val M(·) is continuous, there exists a fixed pair (I, J) that is a Shapley-Snow kernel for 
every ε > 0 sufficiently small. By computing this pair, we obtain a selection of optimal strategies for every εge0 
sufficiently small.

Computing a Kernel. If the unperturbed matrix game has several optimal strategies, then it also necessarily has 
several Shapley-Snow kernels. Computing a Shapley-Snow kernel of a matrix game reduces to finding a basic 
solution for an LP. A polynomial-time algorithm that computes a basic solution from an arbitrary solution of an 
LP is presented in Karloff [26, proof of theorem 10, pp. 18–20]. Furthermore, computing an optimal basis for an 
LP given a pair of optimal primal and dual solutions is strongly polynomial (Megiddo [31]). Therefore, a basic 
solution of an LP, and so a Shapley-Snow kernel, can be found in polynomial time.
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Efficiency of Fitting. To solve the functional form problem, we need to compute the coefficients of the corre
sponding rational functions. We do so by fitting a rational function to sufficiently many points. This is formalized 
in Algorithm 2. An alternative procedure to solve the functional form problem would be to first obtain a pair 
(I, J) that is a Shapley-Snow kernel for all ε small enough and then use Definition 8 to compute it. This alternative 
procedure involves computing the determinant of a matrix of polynomials, which requires exponential time in 
general. Therefore, fitting a rational function is more efficient.

Algorithm 2 (Functional Form)
Input: M(·) polynomial matrix game of degree K and size m × m
Output: Analytical form of the value function and an optimal strategy in some right neighborhood of zero 

1: B←maxi, j, k{ |M
i, j
k | }

2: ε0← (2m5K2B)�11m2K

3: x← ε0, ε0
2 , : : : , ε0

2mK+1
� �

4: y← val M(ε0), val M ε0
2
� �

, : : : , val M ε0
2mK+1
� �� �

5: val ← Rational fit with numerator and denominator of degree at most mK from (x, y)
6: (I, J) ← Shapley-Snow kernel of M(ε0)
7: M(·) ← square submatrix corresponding to (I, J)
8: for i ∈ [2mK+ 1] do
9: zi←Optimal solution of PM ε0

i( )10: end for
11: p∗ ← Rational fit with numerator and denominator of degree at most mK from (x, z)
12: p∗ ← extension of p∗ by zero
13: return val, p∗

Lemma 2 (Correctness and Complexity of Algorithm 2). Given a polynomial matrix game M(·), Algorithm 2 returns the 
functional form of the value and an optimal strategy of M(·) in some right neighborhood of zero. Moreover, it runs in poly
nomial time.

Proof of Lemma 2 is given in Section 4.4.

4.3. Uniform Value Positivity
The uniform value-positivity problem consists of recognizing polynomial matrix games with a fixed strategy p0 
for the row-player that guarantees a positive value in some right neighborhood of zero. In other words, decide if 
the row-player has a strategy that, for all ε ≥ 0 small enough, guarantees at least the value of the unperturbed 
matrix game.

Leading Coefficient. An equivalent characterization of a strategy p0 that guarantees uniform value positivity is 
as follows. First, note that a strategy p0 for the row-player and a pure action of the column-player j ∈ [m] deter
mine a polynomial payoff ε ⊢→ (p⊤0 M(ε))j. The sign of this polynomial in some right neighborhood of zero is 
determined by its leading coefficient, that is, the first nonzero coefficient ordered by the degree of the correspond
ing monomial it multiplies. Therefore, a witness of uniform value positivity is a strategy p0 for which all the cor
responding polynomial payoffs (one for each action of the column-player) either have a strictly positive leading 
coefficient or are constant to zero.

Frontier. Consider a polynomial matrix game M(·), and assume it is uniform value positive. Note that, if for 
some action j of the column-player, the corresponding polynomial payoff ε ⊢→ (p⊤0 M(ε))j has a leading coefficient 
of order, for example, 3, then changing the perturbation coefficients at column j of order 4 or more does not 
change the fact that the polynomial matrix game is uniform value positive. Therefore, for each witness strategy 
p0 for M(·), there is a sequence of indices (one per column) containing the corresponding leading coefficients’ 
order of perturbation. We represent these indices by a vector k ∈ [K+ 1]m, where the index (K+ 1) corresponds to 
the polynomial payoff being constant to zero. We call such a sequence a frontier.

A useful visualization of the frontier of a strategy p of the row-player is the following. Consider the matrix 
given by ((p⊤Mk)j)k, j∈[m]. In other words, each column corresponds to an action of the column-player, and each 
row corresponds to the coefficient of the respective polynomial when the row-player plays according to p. The 
leading coefficient of the strategy p on a column corresponds to the first (as k increases) nonzero entry, if there is 
some. The frontier of p represents the indices where the leading coefficients are in this matrix. Note that, if all 
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columns of this matrix have a strictly positive leading coefficient or are full of zeros, then p guarantees the uni
form value positivity of M(·). Figure 1 visualizes the matrix given by ((p⊤Mk)j)k, j∈[m] in a hypothetical example.

Verification of a Frontier. Given a frontier, deciding if there is a strategy p0 with this frontier and positive leading 
coefficients is polynomial time: it consists of solving at most m LPs. Indeed, for a frontier k ∈ [K+ 1]m and an 
action of the column-player j0 ∈ [m], which we call focus action, define the following LP.

(Pk, j0)

max
p
(p⊤Mkj0

)j0

s:t: (p⊤Mk)j ≥ 0, ∀j ∈ [m], k ≤ kj

p ∈ ∆([m])

:

8
>><

>>:

Note that if (Pk, j0) is feasible, then its value is at least zero. Figure 2 visualizes the constraints and objective func
tion in (Pk, j0). The LP (Pk, j0) computes a strategy whose frontier is at least k and maximizes the candidate leading 
coefficient of the polynomial corresponding to the focus action j0. To verify if a given frontier has a witness strat
egy, we do as follows. 

1. Check if there is a strategy making all the coefficients up to the frontier at least zero, discarding the frontier if 
there is none.

2. Iterate over all focus actions, maximizing the corresponding coefficient in the frontier. For each focus action, 
the maximum value of the corresponding coefficient is either zero or strictly positive.

3. If all focus actions returned a strictly positive value, then there is a witness for the frontier. If some focus action 
returned zero (and kj0< K+ 1), then there is no witness with this frontier.

Lexicographic Search. The problem with frontiers is that there are (K+ 1)m of them, that is, exponentially many. 
Therefore, we must search efficiently among all possible frontiers. Algorithm 3 implements a search pattern that 
considers at most (K+ 1)m frontiers. During this search pattern, the coordinates of the candidate frontier are 
always increasing, exploiting properties of the verification of a frontier. Indeed, while verifying a frontier, if a 
focus action returns zero, then the search can safely continue to the next frontier in our search pattern. Alto
gether, the algorithm decides whether the polynomial matrix game is uniform value positive or not by solving at 
most (K+ 1)m2 LPs. This is formally presented in Algorithm 3.

Figure 1. Illustration of polynomials given a strategy. Illustration of ((p⊤Mk)j)k, j∈[m] for a hypothetical example with K � 2 and 
m � 3. Highlighted entries represent the frontier of this strategy, k � (3, 1, 2). The first column has no leading coefficient, as it is 
full of zeros. The second column has a leading coefficient of two. The third column has a leading coefficient of �1. 

Figure 2. Illustration of (Pk, j0 ) for a hypothetical frontier k � (3, 1, 2) and focus column j0 � 2. The coordinates with entries ≥ 0 
correspond to the constraints of the program, that is, coordinates (k, j) ∈ {1, 2, 3} × {0, 1, 2, 3} such that k ≤ kj. The highlighted 
entry at the coordinate (kj0 , j0) corresponds to the objective function of the program. 
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Algorithm 3 (Uniform Value-Positivity Algorithm)
Input: M(·) polynomial matrix game of degree K and size m × m
Output: true if the polynomial matrix game is uniform value-positive; false otherwise. 

1: k← (0, 0, : : : , 0) ∈ [K+ 1]m 
. Initialize the frontier

2: loop
3: if (Pk, 1) is infeasible then . Test feasibility of the frontier
4: return false . OUTPUT: There is no witness
5: end if
6: for j0 ∈ [m] do . Iterate over column-player’s actions
7: if kj0 � K+ 1 then . This action has been fully investigated
8: continue the for loop . Consider the next focus action
9: end if

10: if val (Pk, j0) �� 0 then . Higher order terms need to be investigated
11: k← k+ ej0 . Advance the frontier
12: goto to Line 3 . Investigate the new frontier
13: end if
14: if val (Pk, j0) > 0 then . The focus action is covered
15: continue the for loop . Consider the next focus action
16: end if
17: end for
18: return true . OUPUT: The frontier has a witness strategy
19: end loop

Lemma 3 (Correctness and Complexity of Algorithm 3). Given a polynomial matrix game M(·), Algorithm 3 returns true if 
and only if M(·) is uniform value positive. Moreover, it runs in polynomial time.

Proof of Lemma 3 is given in Section 4.4.

Example 4 (Running the Uniform Value-Positivity Algorithm). Consider the following polynomial matrix game:

M(ε) � 1 �1
�1 1

� �

+
1 �3
0 2

� �

ε:

This polynomial matrix game is not uniform value positive. Indeed, M0 has a unique optimal strategy 
p∗ � (1=2, 1=2)⊤, which, for all ε > 0, does not guarantee zero in M(ε). Let us show how Algorithm 3 arrives at this 
conclusion. Recall that Algorithm 3 iterates over frontiers to make a decision. For each frontier, it makes a feasi
bility check and then checks each focus action. For each focus action, if the value of the related LP is zero, then it 
advances the frontier. If the value is strictly positive, it continues to the next focus action. During this procedure, 
each coordinate of the frontier increases. We now go over this procedure explicitly.

Frontier (0, 0), Action 1. The initial frontier is k � (0, 0). Write a strategy p as (x, 1� x)⊤. The first LP to check feasi
bility is the following:

(P(0, 0), 1)

max
x

x · 1+ (1� x) · (�1)

s:t: x · 1+ (1� x) · (�1) ≥ 0
x · (�1) + (1� x) · 1≥ 0

x ∈ [0, 1]:

8
>>>><

>>>>:

This LP is feasible, so we proceed to check each focus action. The first column-player’s action we investigate is 
j0 � 1. We compute the value of (P(0, 0), 1). Its only solution is p∗ � (1=2, 1=2)⊤, and its value is zero. Therefore, we 
increase the frontier by one in its j0-th coordinate. The new frontier is k � (1, 0).

Frontier (1, 0), Action 1. The second LP to consider is the following:

(P(1, 0), 1)

max
x

x · 1

s:t: x · 1 + (1� x) · (�1) ≥ 0
x · 1≥ 0

x · (�1) + (1� x) · 1 ≥ 0
x ∈ [0, 1]:

8
>>>>>><

>>>>>>:
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Again, it is feasible, so we check each focus action. Considering j0 � 1 and the corresponding LP, the only solu
tion is p∗ � (1=2, 1=2)⊤, and its value is strictly positive. Therefore, we continue with the next action of the 
column-player j0 � 2.

Frontier (1, 0), Action 2. The third LP to solve is the following:

(P(1, 0), 2)

max
x

x · (�1) + (1� x) · 1

s:t: x · 1 + (1� x) · (�1) ≥ 0
x · 1 ≥ 0

x · (�1) + (1� x) · 1≥ 0
x ∈ [0, 1]:

8
>>>>>><

>>>>>>:

Note that only the objective function changed with respect to (P(1, 0), 1). Therefore, its only solution is still 
p∗ � (1=2, 1=2)⊤, and its value is zero, so we increase the frontier by one in its j0-th coordinate. The new frontier is 
k � (1, 1).

Frontier (1, 1), Action 1. The fourth LP to solve is the following:

(P(1, 1), 1)

max
x

x · 1

s:t: x · 1 + (1� x) · (�1) ≥ 0
x · 1 ≥ 0

x · (�1) + (1� x) · 1 ≥ 0
x · (�3) + (1� x) · 2 ≥ 0

x ∈ [0, 1]:

8
>>>>>>>>><

>>>>>>>>>:

This last LP is infeasible. Therefore, the algorithm outputs false, correctly indicating that this polynomial matrix 
game is not uniform value positive.

4.4. Detailed Proofs
In this section, we prove Lemma 1, Lemma 2, and Lemma 3, which jointly prove our main result, Theorem 3. We 
start by recalling classical results on polynomials and follow with the technical proofs.

4.4.1. Classical Results. We recall a classical result on the minimal separation of roots of polynomials.

Lemma 4 (Bounding Polynomial Roots (Cauchy [13], Mahler [29])). Consider a nonzero polynomial with integer coefficients 
r(ε) � a1ε+ a2ε2+⋯ +aLεL. Then, the first strictly positive root is bounded away from zero. Formally, if r(ε0) � 0 and 
ε0 > 0, then

ε0 ≥ L�(L+2)=2‖r‖1�L
2 , 

where ‖r‖22 :�
P

i∈[L]a2
i .

We deal with polynomials that correspond to the determinant of a matrix with polynomial entries, and to 
apply Lemma 4, we need to bound their degree and the size of their coefficients. Denote the binary size of x by 
bit (x); that is, if x is a number, it is ⌈log2( |x | + 1)⌉, and if x is a collection of numbers, then it is the sum of their 
binary size. We recall the following classical result, which is a consequence of Basu et al. [8, proposition 8.12].

Lemma 5 (Order of Matrix Determinant (Basu et al. [8])). Consider a polynomial matrix game M(·) of size m × m, order K, 
and integer entries of size bounded by B. The function det M(·) is a polynomial of degree at most mK and coefficients of 
binary size at most m bit (M) +m bit (m) + bit (mK+ 1).

4.4.2. Technical Proofs. We show a characterization of the value function of polynomial matrix games in an 
explicit, at most exponentially small, right neighborhood of zero. Although similar results can be found in the lit
erature (see Oliu-Barton [36] and Szczechla et al. [46, lemma 5.1, p. 874]), we remark on the importance of the 
numerical bounds for our algorithms.

Lemma 6 (Value Characterization Close to Zero). Consider a polynomial matrix game M(·) of size m × m, order K and 
integer entries of size bounded by B. Then, there exists a rational function R1, a rational vector function R2, and a threshold 
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ε0 ≥ (2m5K2B)�11m2K such that, for all ε ∈ [0,ε0],

val M(ε) � R1(ε) p∗(ε) � R2(ε):

Moreover, the functions R1 and each coordinate of R2 can be expressed as the quotient of two polynomials r/s, where r and s 
are at most of degree mK, the numerator r has no roots in (0,ε0] unless it is constant to zero, s is strictly positive in [0,ε0], 
and s(0) � 1.

Proof. Let M(·) be a polynomial matrix game of size m × m, order K, and integer entries of size bounded by B. By 
Theorem 2, for every ε ≥ 0, there exists a square submatrix M(ε) such that 1⊤co (M(ε))1 ≠ 0 and

val M(ε) � det M(ε)
1⊤co (M(ε))1

: (1) 

Because there are finitely many square submatrices and val M(·) is continuous, val M(·) is a piecewise rational 
function. Define the threshold ε0 :� (2m5K2B)�11m2K. We prove that val M(·) is a rational function in [0,ε0].

Denote R the set of all rational functions obtained as one varies the submatrix M in Equation (1). Note that 
two different such rational functions intersect only finitely many times. We claim that ε0 is a lower bound 
on the closest parameter to zero where an intersection happens. Indeed, by Lemma 5, det M(ε) and the coor
dinates of co (M(ε)) are polynomials of degree at most mK and coefficients of binary size at most m bit (M) +
mbit (m)+ bit (mK+ 1). Therefore, for all R ∈R, we have that R � r=s, where r and s are polynomials of 
degree at most mK and coefficients of binary size at most m bit (M) + (m+ 2)bit (m) + bit (mK+ 1). Then, we 
have that if R ≠ R′ ∈R and ε0 > 0 are such that R(ε0) � R′(ε0), then ε0 is the root of a polynomial of degree 
at most 2mK whose coefficients have binary size at most 2m bit (M) + 2(m+ 2)bit (m) + 4 bit (mK+ 1). Then, 
applying Lemma 4 to L � 2mK and log(‖r‖2) ≤ log(2mK) + 2m bit (M) + 2(m+ 2)bit (m) + 4 bit (mK+ 1), we 
get that

log(ε0) >�(mK+ 1)log(2mK)
�4mK(m+ 2)(log(2mK) + bit (M) + bit (m) + bit (mK + 1)),

≥�(mK + 1)log(2mK)� 9m2K log(2m5K2B),
≥�11m2K log(2m5K2B);

that is, ε0 ≥ (2m5K2B)�11m2K. In conclusion, there exists R1 ∈R such that, for all ε ∈ [0,ε0],

val M(ε) � R1(ε):

Moreover, either R1 is constant to zero, or it has no roots in (0,ε0]. The rest of the properties of R1 are achieved by 
renormalization.

For the optimal strategy p∗, recall that the submatrix M is given by a pair of indices (I, J). By Theorem 2, an 
optimal strategy p∗ is recovered as the extension by zeros outside the rows of I of the rational vector function

ε ⊢→
co (M(ε))

1⊤co (M(ε))1
1:

Therefore, p∗ can be given by another rational vector function R2 � r=s. The properties of r and s are proven the 
same way as for the value function. w

Lemma 6 allows us to prove Lemma 1 as follows.

Proof of Lemma 1. We show the correctness and complexity of Algorithm 1. By Lemma 6, the value function 
does not change its sign between zero and ε0 � (2m5K2B)�11m2K. Therefore, the sign of val M(ε0) is the sign of the 
value function in some right neighborhood of zero. This proves that Algorithm 1 is correct.

Computing the value of a matrix game takes polynomial time in terms of the binary size of the matrix game. 
In this case, the binary size of M(ε0) is at most the binary size of the polynomial matrix game plus the binary size 
of εK

0 , which is at most 11m2K2⌈log2(2m5K2B)⌉. Therefore, computing the value of the matrix game M(ε0) takes 
only polynomial time, and so, Algorithm 1 runs in polynomial time. w

Before we prove Lemma 2, we clarify how Algorithm 2 performs line 6, namely, computing a Shapley-Snow 
kernel of a matrix game in polynomial time.
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Lemma 7. Consider a matrix game M of size m × m and integer entries of size bounded by B. A Shapley-Snow kernel can 
be computed in polynomial time in terms of m and B.

Recall that Shapley-Snow kernels are supports of optimal strategies of minimal support size and are 
closely related to basic solutions of LPs (Shapley and Snow [42]), that is, solutions uniquely defined by a 
subset of linearly independent constraints. We compute a Shapley-Snow kernel by computing basic solu
tions of LPs.

Proof of Lemma 7. Consider a matrix game M of size m × m and integer entries of size bounded by B. First, we 
relate a basic solution of an LP to the support of an optimal strategy in the matrix game. Then, we give an elimi
nation procedure to reduce the size of the support until we find a Shapley-Snow kernel.

Basic solutions as the support of optimal strategies. For the LP (PM), constraints correspond to either (i) 
restrictions given by actions of the column-player, or (ii) restrictions forcing p to be a distribution over rows. 
Therefore, a basic solution relates to a subset of actions of the column-player J, which contains the support of 
an optimal strategy for the column-player, as these actions can force the value. Because J contains the support 
of an optimal strategy, there is a Shapley-Snow kernel (I′, J ′) such that J′ ⊆ J. Similarly, from a basic solution of 
the LP (P�M⊤), we obtain a candidate set I for the row-player. Although (I, J) might not be a Shapley-Snow ker
nel, it always contains one. Therefore, through a suitable elimination procedure, we extract a Shapley-Snow 
kernel.

Elimination procedure. Consider a pair (I, J) candidate for a Shapley-Snow kernel. While eliminating actions 
from I or J, we distinguish two cases: (i) |I | ≠ |J | , and (ii) |I | � |J | , but 1⊤co (M)1 � 0. If none of these cases hold, 
then (I, J) is a Shapley-Snow kernel. Therefore, we show how to eliminate actions in each case until we find a 
Shapley-Snow kernel.

For case (i), without loss of generality, consider | I | > | J | . Recall that I corresponds to the support of an optimal 
strategy. Therefore, we correctly eliminate an action from I to find a smaller support also containing an optimal 
strategy as follows. We solve | I | many LPs, one for each action, where the corresponding action is forced to have 
probability zero (and therefore eliminated from the support). Because I is not of minimal size, at least one of 
these LPs has the same value as the original LP. Thus, we obtain a new candidate set I′( I. Repeating this proce
dure, we obtain a candidate pair (I, J) such that |I | � J | .

For case (ii), recall that (I, J) contains a Shapley-Snow kernel. Therefore, we eliminate one of the actions from 
I as done in case (i) to obtain a new candidate set I′( I that contains an optimal strategy, and we go back to 
case (i).

Iterating this procedure, we obtain a Shapley-Snow kernel (I, J). Following the approach in the proof of Karloff 
[26, theorem 10, pp. 18–20], a basic solution of (PM) can be computed in polynomial time. Therefore, computing a 
Shapley-Snow kernel also takes only polynomial time. w

We now proceed to Proof of Lemma 2, that is, the correctness and complexity of Algorithm 2. Recall that Algo
rithm 2 computes the value function by fitting (2mK+ 1) points and an optimal strategy function by (i) comput
ing a Shapley-Snow kernel of the matrix game M(ε0), (ii) computing optimal strategies for the corresponding 
subgame at various values of ε, (iii) fitting a rational function to these optimal strategies, and (iv) extending by 
zeros to a strategy of the original game.

Proof of Lemma 2. We consider first the value function and then the optimal strategy function.
Value function. By Lemma 6, the functional form of the value function is given by a rational function with a 

numerator and denominator of degree at most mK. Therefore, its coefficients are uniquely determined by 
(2mK+ 1) values, for example, its value at the points ε0,ε0=2, : : : ,ε0=(2mk+ 1). The computation of this fitting is 
polynomial time, as it corresponds to solving a system of linear equations, which can be done in polynomial 
time.

Optimal strategy. By Lemma 7, (I, J) given in line 6 is a Shapley-Snow kernel of M(ε0) obtained in polynomial 
time. By Lemma 6, for all ε ∈ [0,ε0], the pair (I, J) is a Shapley-Snow kernel, and an optimal strategy of the 
reduced game M(ε) is optimal in M(ε) when extended by zeros, and each of its coordinates is a rational func
tion with a numerator and denominator of degree at most mK. Therefore, their coefficients are uniquely deter
mined by (2mK+ 1) values, for example, their values at the points ε0,ε0=2, : : : ,ε0=(2mk+ 1). Algorithm 2
computes these values, as optimal strategies of M(ε) are unique by definition of the Shapley-Snow kernel. 
Therefore, Algorithm 2 recovers an optimal strategy of the subgame by fitting a rational function to each coor
dinate. Lastly, as already mentioned, extending it by zeros in the coordinates outside of I leads to an optimal 
strategy p∗(ε). w

Chatterjee, Oliu-Barton, and Saona: Value-Positivity for Matrix Games 
14 Mathematics of Operations Research, Articles in Advance, pp. 1–24, © 2024 INFORMS 



Proof of Lemma 3 is more involved and requires a few more technical lemmas. We start by recalling the LP 
used in Algorithm 3. For a vector k ∈ [K]m and an index j0 ∈ [m], we consider the following LP:

(Pk, j0)

max
p
(p⊤Mkj0

)j0

s:t: (p⊤Mk)j ≥ 0, ∀ j ∈ [m], k ≤ kj

p ∈ ∆([m]):

8
>><

>>:

Algorithm 3 implements a search over frontiers and determines whether the polynomial matrix game M(·) is uni
formly value positive or not. Lemma 8 proves sufficient conditions for uniform value positivity (the same condi
tions that are verified by Algorithm 3). Lemma 9 relates the search over frontiers with all possible witnesses of 
uniform value positivity. Finally, Lemma 10 proves sufficient conditions to determine that M(·) is not uniformly 
value positive. Together, these lemmas prove the correctness of Algorithm 3.

Lemma 8. Consider a polynomial matrix game M(·) of size m × m and order K. Fix k ∈ [(K+ 1)]m. Assume that (i) the LP 
(Pk, 1) is feasible, and (ii) for all j0 ∈ [m], if kj0 < K+ 1, then the value of (Pk, j0) is strictly positive. Then, M(·) is uniform 
value positive.

Proof. We construct the witness of uniform value positivity as a convex combination of the solutions of the LPs 
(Pk, j0). For all j0 ∈ [m], because (Pk, 1) is feasible, (Pk, j0) is feasible, as only the objective function changes. Consider 
p∗(j0) a solution of (Pk, j0), and define

p :�
1
m
Xm

j0�1
p∗(j0):

We claim that p is a witness of uniform value positivity. Indeed, on the one hand, if kj0 < K+ 1, then the leading 
coefficient of the polynomial (p⊤M(ε))j0 

is strictly positive because it is lower bounded by the corresponding 
coefficient of p∗(j0) divided by m, which is strictly positive by assumption. On the other hand, if kj0 � K+ 1, then 
all coefficients of (p⊤M(ε))j0 

are zero. Overall, for all j0 ∈ [m] and ε ≥ 0 sufficiently small, (p⊤M(ε))j0 
is positive, so 

M(·) is uniform value positive. w

Algorithm 3 maintains an invariant while increasing the coordinates of k, formalized as follows:

Lemma 9. Consider a polynomial matrix game M(·) of size m × m and order K that is uniform value positive with a wit
ness strategy p. Then, for all frontiers k ∈ [(K+ 1)]m obtained during the execution of Algorithm 3, we have that, for all j ∈
[m] and 0 ≤ k < kj, it holds that (p⊤Mk)j � 0.

Proof. The proof is by induction on the frontier k ∈ [K+ 1]m. For the initial case, we have k � (0, 0, : : : , 0), and the 
statement is trivially true because the condition is vacuous: for all j ∈ [m], there is no k such that 0 ≤ k and 
k < kj � 0. We continue to the inductive step.

Assume the statement is true for k. We will prove that the statement holds for the next frontier k′ obtained 
during the execution of Algorithm 3. The only way to obtain k′ is that there exists j0 ∈ [m] \ {j : kj � K+ 1} such 
that the value of (Pk, j0) is zero. In this case, the next frontier is k′ :� k+ ej0 , the indicator vector of the coordinate 
j0. Consider p a witness of the uniform value positivity of M(·); that is, for all j ∈ [m] and all ε small enough, we 
have that (p⊤M(ε))j ≥ 0. Equivalently, for all j ∈ [m], the leading coefficient of (p⊤M(ε))j is strictly greater than 
zero, or the polynomial is constantly zero. By the inductive hypothesis, we know that for all j ∈ [m] and all 0 ≤
k < kj we have that (p⊤Mk)j � 0. Therefore, we have that (p⊤Mkj0

)j0 ≥ 0. We only need to prove that (p⊤Mkj0
)j0 � 0.

Note that p is a feasible vector of (Pk, j0), whose value is zero. Therefore, (p⊤Mkj0
)j0 � 0 must hold. This con

cludes the inductive step. w

Lastly, we study what happens when (Pk, 1) is infeasible.

Lemma 10. Consider a polynomial matrix game M(·) of size m × m and order K, and k ∈ [(K+ 1)]m, obtained during the 
execution of Algorithm 3. If (Pk, 1) is infeasible, then M(·) is not uniform value positive.

Proof. Assume that (Pk, 1) is infeasible. By contradiction, assume that M(·) is uniform value positive, and consider 
a witness strategy p. By Lemma 9, we have that, for all j ∈ [m] and all 0 ≤ k < kj, it holds that (p⊤Mk)j � 0. 
Because the strategy p is a witness of uniform value positivity, for all j ∈ [m], the polynomial (p⊤M(ε))j is positive 
in some right neighborhood of zero. Therefore, for all j ∈ [m], it holds that (p⊤Mkj)j ≥ 0. In conclusion, p is a feasi
ble vector of (Pk, 1), which is a contradiction. w

We now prove Lemma 3.
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Proof of Lemma 3. Note that Algorithm 3 solves at most (K+ 1)m2 LPs, terminating in polynomial time. More
over, by Lemma 10, we have that whenever Algorithm 3 returns false, the polynomial matrix game M(·) is not 
uniform value positive.

Lastly, note that if, during the execution of Algorithm 3, there exists j0 ∈ [m] such that kj0 � K+ 1, then (Pk, j0) is 
feasible because MK+1 is the matrix of only zeros. Therefore, whenever Algorithm 3 returns true, all conditions of 
Lemma 8 are satisfied, so M(·) is uniform value positive. w

5. Value Positivity and Perturbed LPs
In this section, we define robustness problems for perturbed LPs and connect them to value positivity for polyno
mial matrix games.

5.1. Perturbed LPs and Robustness Problems
The notion of robust LPs has been considered in many different contexts, and some examples are the following. 
First, LPs are closely related to Markov decision processes (MDPs), and robust MDPs consider that the transition 
function is not known but comes from an uncertain set, which leads to a notion of robust LPs (Nilim and El 
Ghaoui [34]). Second, analytical perturbation of LPs has been considered in Avrachenkov et al. [7, chapter 5]. 
Finally, considering perturbations of inputs in a neighborhood and efficient algorithmic solutions of LPs via sim
plex leads to the notion of smoothed complexity analysis (Spielman and Teng [45]). There is a vast literature on 
robust LPs, and in this work, we focus on LPs in connection to matrix games. Whereas Mills [33] considered only 
linear perturbations, we consider general polynomial perturbations.

Definition 9 (Perturbed LPs). A perturbed LP of degree K and size m × m has the following form:

(P(ε))
max

x
(c0 + c1ε+ ⋯ + cKεK)⊤x

s:t: (A0 +A1ε+ ⋯ +AKεK)x ≤ b0 + b1ε+ ⋯ + bKεK

x ≥ 0,

8
>><

>>:

where Ai, bi and ci have integer entries and Ai is of size m × m, for all i ∈ [K].

Robustness Problems. The stability of LPs concerns the robustness of the solutions and the value upon pertur
bations. Assuming that (P0) is a feasible and bounded LP, robustness problems consist of determining how its feasi
bility, optimal solutions, and value vary for small positive ε.

Perturbed LPs can lead to irregularities; namely, discontinuities may arise at ε � 0 even when perturbations are 
regular and continuous; see Avrachenkov et al. [7, chapter 5, p. 111] for examples. Therefore, studying robustness 
on LPs usually requires structural assumptions on the perturbations, such as the rank of A(ε) being constant near 
zero. In our case, we focus on perturbations where both primal and dual admit uniformly bounded feasible 
regions. We formalize this assumption in Section 5.2. In the sequel, (Q) denotes the dual LP of (P), given by

(Q)

min
y

y⊤b

s:t: y⊤A ≥ c⊤

y ≥ 0:

8
>><

>>:

For a perturbed LP (P(·)), the corresponding dual perturbed LP is denoted (Q(·)). We now define the relevant 
robustness problems for perturbed LPs.

Definition 10 (Weak Robustness). A perturbed LP (P(·)) is weakly robust if there exists ε0 > 0 such that, for all 
ε ∈ [0,ε0], the LP (P(ε)) is feasible and has a bounded value. In other words, val (P(ε)) ∈ R, or equivalently, both 
(P(ε)) and its dual (Q(ε)) are feasible.

Definition 11 (Strong Robustness). A perturbed LP (P(·)) is strongly robust if there is a constant solution for both 
the primal and dual. Formally, there exist two vectors x∗, y∗ ∈ Rn and a threshold ε0 > 0 such that x∗ is a solution 
of (P(ε)) and y∗ is a solution of (Q(ε)) for all ε ∈ [0,ε0].

Definition 12 (Functional Form). Consider a perturbed LP (P(·)) that is weakly robust. The functional form of this 
perturbed LP is given by the maps

ε ⊢→ val (P(ε))
ε ⊢→ x∗(ε), 

where x∗(ε) is an optimal vector for (P(ε)), for all ε ∈ (0,ε0], and for some threshold ε0 > 0.

Chatterjee, Oliu-Barton, and Saona: Value-Positivity for Matrix Games 
16 Mathematics of Operations Research, Articles in Advance, pp. 1–24, © 2024 INFORMS 



Strong robustness can be interpreted as a property of an optimal basis as follows. A perturbed LP is strongly 
robust if there is an optimal basis, that is, a subset of inequalities that uniquely determine a solution, of the 
unperturbed primal and dual LP that remains optimal upon small positive perturbations. On top of this robust
ness of the basis, the corresponding optimal solutions defined by the basis, for the primal and dual LPs, do not 
depend on the parameter ε of the perturbation.

Note that the marginal value of Mills [33] depends only on the first order of the perturbations, whereas weak 
robustness, strong robustness, and the functional form problem depend on all higher terms.

5.2. Value Positivity and Robustness Problems
Before describing the connection between robustness for perturbed LPs and value positivity for polynomial 
matrix games, we formalize the assumption we consider over the perturbed LPs.

Definition 13 (A Priori Bound). A perturbed LP (P(·)) has an a priori bound if there exists β > 0 and ε0 > 0 such that, 
for all ε ∈ [0,ε0], if xε and yε are feasible for (P(ε)) and (Q(ε)), respectively, then x⊤ε 1+ y⊤ε 1 ≤ β. An a priori bound 
is said to have polynomial binary size if both β and ε0 have polynomial binary size.

Note that an a priori bound is not concerned with the feasibility of the perturbed LP. Indeed, a perturbed LP 
whose primal and dual LPs are both infeasible also has an a priori bound by vacuity. Nonetheless, if a perturbed 
LP (P(·)) has an a priori bound and (P(0)) is feasible, then the perturbed LP is weakly robust. Indeed, if (P(0)) is 
feasible and bounded, then so is (Q(0)). By Martin [30, theorem 1.1], the value function val (P(·)) is continuous at 
zero. In particular, (P(ε)) is feasible for ε small enough; that is, it is weakly robust.

The existence of an a priori bound is derived from the unperturbed LP as follows:

Lemma 11 (Sufficient Conditions for an A Priori Bound). Consider a perturbed LP (P(·)). If the unperturbed LP (P(0)) and 
its dual (Q(0)) have nonempty and bounded feasible regions, then (P(·)) has an a priori bound of polynomial binary size, 
which can be computed in polynomial time.

Lemma 11 is closely related to Martin [30, lemma 3.1], which states that if the unperturbed LP has a nonempty 
and bounded region, then, for each possible continuous perturbation (not necessarily polynomial), the corre
sponding perturbed LP has a uniformly bounded feasible region for all ε small enough. The main difference is 
that because we focus on polynomial perturbations, we prove that the a priori bound has polynomial binary size 
and a polynomial-time procedure to compute it.

Proof of Lemma 11. Consider a perturbed LP (P(·)) of size m × m, degree K, and integer entries of size bounded 
by B such that (P(0)) and its dual (Q(0)) have nonempty and bounded feasible regions. We closely follow the 
proof of Martin [30, lemma 3.1] while keeping track of explicit numerical bounds.

Consider the LP with the same feasible region as (P(0)) but different objective given by
max

x
1⊤x

s:t: A(0)x ≤ b(0)
x ≥ 0:

8
><

>:

Because the feasible region of (P(0)) is bounded, it has a finite value. By duality, its dual LP, that is,
min

y
y⊤b(0)

s:t: y⊤A(0) ≥ 1⊤

y ≥ 0,

8
>><

>>:

is feasible. In particular, it has a basic solution y0, which has polynomial binary size and can be computed in 
polynomial time. Indeed, using Cramer’s rule on a basic solution, we deduce that the coordinates of y0 have size 
at most the determinant of a matrix involving entries in A(0) and 1. Therefore, because all coefficients of A(0) are 
bounded by B, the size of each coordinate of y0 is bounded by m!Bm ≤ (Bm)m, so their binary size is at most 
mbit (Bm).

Define β1 :� y⊤0 b(0) + 1 and ε1 :� (2(Bm)m+1K)�1. We claim that for all ε ∈ [0,ε1], every feasible vector xε of 
(P(ε)) satisfies that x⊤ε 1 ≤ 2β1. Indeed, first note that because ε1 is sufficiently small, we have that for all 
ε ∈ [0,ε1],

y⊤0 A(ε) ≥ 1
2 1⊤ and y⊤0 b(ε) ≤ β1:
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This is because

y⊤0 A(ε) ≥ y⊤0 A(0)� y⊤0 1BKε1 ≥ 1� (Bm)m+1Kε1 ≥
1
2 

and also

y⊤0 b(ε) ≤ y⊤0 b(0) + y⊤0 1BKε1 ≤ y⊤0 b(0) + (Bm)m+1Kε1 ≤ y⊤0 b(0) + 1 � β1:

Then, consider a feasible vector xε of (P(ε)). Because A(ε)xε ≤ b(ε) and xε ≥ 0, we have that

x⊤ε 1 � 1⊤xε ≤ 2y⊤0 A(ε)xε ≤ 2y⊤0 b(ε) ≤ 2β1:

Using a similar construction with the dual, we obtain another pair, (β2,ε2). Then, the pair β :� 2β1 + 2β2, and ε0 :�

min(ε1,ε2) is an a priori bound for (P(·)) of polynomial binary size. Because we only require to solve two LPs for 
its construction, we can compute it in polynomial time. w

We now describe the connection between robustness for perturbed LPs and value positivity for polynomial 
matrix games.

Theorem 5. There is a polynomial-time reduction from weak (respectively, strong) robustness and the functional form of 
perturbed LPs with an a priori bound to value positivity (respectively, uniform value positivity) and the functional form of 
polynomial matrix games.

On the one hand, the strong robustness of an LP implies the existence of a vector x∗ that is optimal for all posi
tive small parameters. On the other hand, uniform value positivity of polynomial matrix games implies the exis
tence of a strategy p0 that ensures a positive value for all small parameters, but p0 does not need to be optimal for 
every small parameter. Therefore, at least intuitively, it is not immediately clear that strong robustness of per
turbed LPs reduces to uniform value positivity of polynomial matrix games. Theorem 5 shows that this is indeed 
the case.

Note that robustness problems of perturbed LPs with an a priori bound can be solved by computing the value 
of unperturbed LPs. Indeed, by Theorem 5, robustness problems of perturbed LPs reduce to value-positivity pro
blems of polynomial matrix games. In turn, value-positivity problems are solved by computing the value of vari
ous unperturbed matrix games. Because computing the value of matrix games consists of solving an 
unperturbed LP, we conclude that robustness problems of perturbed LPs can be solved by computing the value 
of unperturbed LPs.

Reduction. The reduction is based on Von Stengel [50], a simplification of Adler’s work [1] to fill the gap left by 
Dantzig [14]. The reduction of Von Stengel [50] presents a single matrix game with entries computed from the 
matrix and vectors of the LP being reduced. The matrix game is an extension of Dantzig’s matrix game [14]. We 
accommodate this reduction in the context of polynomial coefficients instead of fixed coefficients.

Main Idea. A key insight the so-called Karp-reduction of Von Stengel [50], also present in Adler [1], is the introduc
tion of slack variables and bounds. For unperturbed LPs, these bounds are computable in strongly polynomial 
time when coefficients are algebraic; see Adler [1]. Our assumption of an a priori bound for perturbed LPs is cru
cial to extend the reduction to the perturbed case. A detailed construction is given in Section 5.3.

5.3. Detailed Proofs
In this section, we prove Theorem 5. We start by recalling how solving an LP can be reduced to solving a matrix 
game according to Von Stengel [50].

5.3.1. Previous Results. A convenient restatement of the reduction from LPs to matrix games given in Von Sten
gel [50, theorem 7, p. 18] is the following:

Lemma 12 (LP Reduction to Matrix Games). Consider a primal LP (P), its dual LP (Q), and a bound β such that, if x is fea
sible in (P) and y is feasible in (Q), then x⊤1+ y⊤1 ≤ β. The matrix game

M :�

0 A �b �1
�A⊤ 0 c �1

b⊤ �c⊤ 0 β

0

B
@

1

C
A

satisfies the following properties: 
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1. The value of the game is less or equal to zero; that is, val (M) ≤ 0.
2. We have that val (M) � 0 if and only if the LPs (P) and (Q) are feasible.
3. If val (M) � 0 with optimal strategies p∗ � (y∗, x∗, t∗) and q∗ � (y∗, x∗, t∗, 0), then the LPs (P) and (Q) have optimal solu

tions x∗=t∗ and y∗=t∗, respectively.

Remark 1. Some differences between Lemma 12 and Von Stengel [50, theorem 7, p. 18] are the following: (i) the 
payoff matrix M corresponds to the payoff matrix of the column-player in Von Stengel [50], and (ii) we omit the 
conclusions of the case val (M) < 0 because we will not use them.

5.3.2. Technical Proofs. We now turn to Proof of Theorem 5.

Proof of Theorem 5. We proceed in four steps: first, we introduce a useful polynomial matrix game; second, we 
relate weak robustness to value positivity; third, we relate strong robustness to uniform value positivity; and 
fourth, we relate the functional forms. 

Step 1. Introduction of a polynomial matrix game.
Fix a perturbed LP (P(·)) of degree K given by

(P(ε))
max

x
c(ε)⊤x

s:t: A(ε)x ≤ b(ε)
x ≥ 0:

8
><

>:

By assumption, (P(·)) has an a priori bound β, which bounds all primal and dual feasible points in an interval 
[0,ε0]. For all ε ∈ [0,ε0], consider the following polynomial matrix game:

M(ε) :�
0 A(ε) �b(ε) �1

�A⊤(ε) 0 c(ε) �1
b⊤(ε) �c⊤(ε) 0 β

0

B
@

1

C
A:

Because β is an a priori bound, Lemma 12 applies so that for all ε ∈ [0,ε0], the following properties hold. 

1. The value of the matrix game M(ε) is less or equal to zero; that is, val (M(ε)) ≤ 0.
2. Moreover, val (M(ε)) � 0 if and only if the LPs (P(ε)) and (Q(ε)) are feasible.
3. If val (M(ε)) � 0 with optimal strategies p∗ε⊤ � (y∗ε, x∗ε, t∗ε) and q∗ε � (y∗ε, x∗ε, t∗ε, 0), then the LPs (P(ε)) and (Q(ε))
have optimal solutions x∗ε=t∗ε and y∗ε=t∗ε, respectively.

Note that val (M(0)) � 0 because the LP (P(0)) is feasible and bounded by assumption.
Step 2. Weak robustness to value positivity.

We claim that the perturbed LP (P(·)) is weakly robust if and only if the polynomial matrix game M(·) is value 
positive. Indeed, if M(·) is value positive, then there exists ε0 > 0 such that, for all ε ∈ [0,ε0], we have that 
val M(ε) ≥ 0. Because val M(ε) ≤ 0 by construction, for all ε ∈ [0,ε0], we have that val M(ε) � 0. Moreover, by 
Lemma 12, we conclude that (P(ε)) and (Q(ε)) are feasible; that is, (P(·)) is weakly robust.

Conversely, if M(·) is not value positive, then, for all ε0 > 0, there exists ε ∈ [0,ε0] such that val M(ε) < 0. By 
Lemma 12, this implies that one of (P(ε)) or (Q(ε)) is not feasible. In other words, (P(·)) is not weakly robust.

Step 3. Strong robustness to uniform value positivity.
We now claim that the perturbed LP (P(·)) is strongly robust if and only if the polynomial matrix game M(·) is 

uniform value positive. Indeed, if M(·) is uniform value positive, then, there exists a fixed strategy p∗ � (x∗, y∗, t∗)
and another threshold ε1 > 0 such that p∗⊤M(ε) ≥ 0 for all ε ∈ [0,ε1]. Because val M(ε) ≤ 0 for all ε ∈ [0,ε0], then 
val M(ε) � 0 and the strategy p∗ is optimal for M(ε) for all ε ∈ [0, min(ε0,ε1)]. By Lemma 12, p∗ encodes a fixed opti
mal solution x∗=t∗ for (P(ε)) and also a fixed optimal solution y∗=t∗ for (Q(ε)), for all ε ∈ [0, min(ε0,ε1)], so (P(·)) is 
strongly robust.

Conversely, assume that (P(·)) is strongly robust. We will show that M(·) is uniform value positive. Because 
(P(·)) is strongly robust, consider the corresponding (fixed) optimal solutions x∗ and y∗ of (P(ε)) and (Q(ε)), respec
tively, for all ε ∈ [0,ε0]. Then, define t :� (

P
ix∗i +

P
jy∗j + 1)�1, which is a strictly positive scalar, and construct a 

strategy for the row-player given by
p∗ :� (tx∗, ty∗, t):

We claim that p∗ is a witness of uniform value positivity for M(·). Indeed, fix ε ∈ [0,ε0]. We will show that the strat
egy p∗ guarantees a payoff greater or equal to zero in the matrix game M(ε). 
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1. Because x∗ is feasible in (P(ε)), we have that A(ε)x∗ ≤ b(ε). Therefore, �(tx∗)⊤A⊤(ε) + tb⊤(ε) ≥ 0.
2. Because y∗ is feasible in (Q(ε)), we have that (y∗)⊤A(ε) ≥ c⊤(ε). Therefore, (ty∗)⊤A(ε)� tc⊤(ε) ≥ 0.
3. Because x∗ and y∗ are optimal, by strong duality, c⊤(ε)x∗ � (y∗)⊤ b(ε). In particular, �(ty∗)⊤b(ε) + (tx∗)⊤
c(ε) ≥ 0.
4. Because x∗ and y∗ are feasible and the perturbed LP has an a priori bound of β, we have that (x∗)⊤1+
(y∗)⊤1 ≤ β. Therefore, because t > 0, one has that �(tx∗)⊤1� (ty∗)⊤1+ tβ ≥ 0.
5. Because x∗ and y∗ are feasible, and by the choice of t, we have that p∗ is a probability measure.

In conclusion, p∗ is a fixed strategy that guarantees a payoff greater or equal to zero in the matrix game M(ε). 
This concludes the proof that strong robustness of perturbed LPs reduces to uniform value positivity of polynomial 
matrix games.

Step 4. Functional form to functional form.
Assume (P(·)) is weakly robust. Then, the functional form of the polynomial matrix game M(·) encodes the func

tional form of (P(·)). Indeed, because the perturbed LP is weakly robust, there exists ε0 > 0 such that, for all 
ε ∈ [0,ε0], we have that val (M(ε)) � 0. Therefore, every pair of optimal strategies p∗ε⊤ � (y∗ε, x∗ε, t∗ε) and q∗ε �
(y∗ε, x∗ε, t∗ε, 0) encode optimal solutions x∗ε=t∗ε and y∗ε=t∗ε for (P(ε)) and (Q(ε)), respectively. Lastly, the functional form 
of the value of (P(·)) is given by

val (P(ε)) � c(ε)⊤
x∗ε
t∗ε

� �

:

Therefore, it is enough to solve the functional form problem for polynomial matrix games to solve the functional 
form problem for perturbed LPs. w

6. Value Positivity and Stochastic Games
In this section, we exploit the connection between stochastic games (Shapley [41]) and polynomial matrix games 
developed in (Attia and Oliu-Barton [3–5], Oliu-Barton [36]). We connect value positivity with lower bounds on 
the discounted and undiscounted values of a stochastic game and uniform value positivity with the existence of 
an optimal stationary strategy in undiscounted stochastic games.

Stochastic games (Shapley [41]) extend matrix games to a dynamic interaction between two opponents. They 
are played by stages and described by a finite set of states, finite sets of actions, a reward function, and a transi
tion function. At each stage, knowing the current state, both players simultaneously choose an action; this choice 
determines a stage reward and the probability distribution for the next state. The notion of value in stochastic 
games depends on how the stage rewards are aggregated. In the discounted value, they are weighted decreas
ingly at a constant rate. The undiscounted value corresponds to the limit of the discounted values as the discount 
rate vanishes (Bewley and Kohlberg [9], Mertens and Neyman [32]).

The characterization and computation of the discounted and undiscounted values of a stochastic game is a cen
tral problem in game theory (Solan and Vieille [43]). In a series of papers (Attia and Oliu-Barton [3–5], Oliu-Barton 
[36]), a new approach was proposed, where the key ingredient is a family of polynomial matrix games, denoted 
{M[z] : z ∈ R}. For each z ∈ R and each ε ∈ (0, 1], the rows (respectively, columns) of the matrix M[z](ε) correspond 
to a pure stationary strategy of the row-player (respectively, column-player) in the stochastic game, that is, an action 
choice for each state. For a stochastic game with n states and m actions per state, these matrices are of size mn. The 
main connection between the parameterized polynomial matrix games and stochastic games is the following.

Theorem 6 (Attia and Oliu-Barton [3, Theorem 1]). Consider a stochastic game, and let M[z] be the corresponding polyno
mial matrix game for a fixed z ∈ R. Then, for all ε ≥ 0, we have that val M[z](ε) ≥ 0 if and only if the ε-discounted value of 
the stochastic game is at least z.

Applied to this family of polynomial matrix games, value positivity and uniform value positivity provide use
ful insights for stochastic games.

Lemma 13 (Stochastic Games and Value Positivity). Consider a stochastic game, and let M[z] be the corresponding poly
nomial matrix game for a fixed z ∈ R. Then, M[z] is value positive if and only if the discounted value of the stochastic game 
is at least z for all sufficiently small discount rates.

Proof. This follows directly from Theorem 6. w

Lemma 14 (Stochastic Games and Uniform Value Positivity). Consider a stochastic game, and let M[z] be the corresponding 
polynomial matrix game for a fixed z ∈ R. If there exists a fixed stationary strategy that guarantees z in all discounted sto
chastic games with sufficiently small discount rates, then M[z] is uniform value positive.
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Proof. Again, this follows from Theorem 6 and the definition of uniform value positivity of polynomial matrix 
games. w

Limitations
The reverse implication of Lemma 14 is not known to be true. This is the case, as the connection between M[z]
and the stochastic game is via their values and a restricted set of strategies (Attia and Oliu-Barton [4]).

Blackwell Optimality
It is worth noting that by instantiating z with the undiscounted value v of the stochastic game, Lemma 14 con
nects the uniform value positivity of M[v] with a weak version of Blackwell optimality (which we recall is the 
existence of a fixed stationary strategy that is optimal in all ε-discounted stochastic games for ε sufficiently 
small). Indeed, if p is a stationary strategy that guarantees v in all ε-discounted stochastic games for ε small 
enough, then M[v] is uniform value positivity. Note that, in this case, p is an optimal stationary strategy in the 
undiscounted stochastic game, as it guarantees v, but not necessarily Blackwell optimal, as the ε-discounted 
might be larger than v.

We now illustrate Lemmas 13 and 14 with an example.

Example 5 (Big Match (Blackwell and Ferguson [10])). Consider the following stochastic game, popularized by 
Blackwell and Ferguson [10]:

1∗ 0∗
0 1

� �

:

In this game, the “∗” indicates an absorbing payoff. In other words, when the top row is played, the correspond
ing stage payoff is fixed for all future stages, and when the bottom row is played, the stage payoff is recorded 
once, and the game starts over again. Its value, both in the discounted and undiscounted cases, is 1/2.

Value Positivity Analysis
By analyzing the value positivity and uniform value positivity of the corresponding polynomial matrix games, 
we recover the following properties of this game: (i) for all sufficiently small discount rates, the discounted value 
is 1/2; and (ii) whereas the row-player has a unique optimal stationary strategy in every ε-discounted game, 
there is no fixed optimal stationary strategy in the undiscounted game. To see this, fix z � 1/2. Then, up to a posi
tive constant,

M[z](ε) � 1 �1
�ε ε

� �

:

Note that M[z] is value positive but not uniform value positive. Indeed, for all ε ∈ [0, 1], we have val M[z](ε) � 0, 
and the unique optimal strategy of the row-player is p∗(ε) � (ε=(1+ ε), 1=(1+ ε))⊤, whereas for each fixed station
ary strategy p ∈ ∆[m] of the row-player (i.e., not depending on ε), there exists a stationary strategy q of the 
column-player that leads to a strictly negative payoff as ε goes to zero.

By Lemma 13, the discounted value of the Big Match is at least z for all sufficiently small discount rates, and 
by Lemma 14, there is no fixed stationary strategy for the row-player that guarantees z in all discounted games 
with a sufficiently small discount rate. Similarly, by transposing our results to the column-player, we obtain the 
existence of a fixed strategy of the column-player that guarantees at most z for all sufficiently small discount 
rates, implying that the discounted value is at most z in these games. We have thus shown the desired properties 
(i) and (ii).

Comments
We finish this section with a few comments on the applicability of value positivity and uniform value positivity 
to stochastic games. 
• Size of the polynomial matrix games. By construction, the polynomial matrix games are of size mn and hence expo

nential and thus less tractable. A notable exception is absorbing games, a well-studied class of stochastic games 
(which includes the Big Match) where the state changes at most once during the game. In this class, the correspond
ing polynomial matrices are of size m.
• Complexity of the undiscounted value. Lemmas 13 and 14 are particularly relevant when replacing z with the 

undiscounted value of the stochastic game. However, the undiscounted value is an algebraic number whose degree 
can be as high as mn (Oliu-Barton [36, proposition 1]). Because our algorithms require rational entries in the 
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polynomial matrix game, they may not be directly applicable in this case. A notable exception is the class of sto
chastic games where at most one player controls the transition in each state. In this class, which includes turned- 
based stochastic games and Markov decision processes, the discounted and undiscounted values are rational 
expressions of the data.
• Stationary ε-optimal strategies. Whereas discounted stochastic games admit optimal stationary strategies (Shap

ley [41]), undiscounted games generally do not admit ε-optimal stationary strategies. Some notable exceptions are 
the following. First, ergodic games, where every pair of stationary strategies induces an ergodic Markov chain over 
the states (Hoffman and Karp [22]), admit optimal stationary strategies. Second, recursive or terminal reward 
games (Everett [17]), where the outcome of a single turn is either a real number (the terminal reward) or another 
state of the game (but not both), and reachability or safety games (De Alfaro et al. [16]), where the objective of one 
player is to reach a set of states and the opponent wants to prevent it, admit ε-optimal stationary strategies. There
fore, the notion of uniform value positivity is particularly relevant in these classes of stochastic games.

7. Extensions
In this section, we discuss a couple of natural extensions of our results.

7.1. Nonpolynomial Perturbations
We explain the extent to which our algorithms extend to nonpolynomial perturbations of a matrix game.

Value Positivity. Algorithm 1 requires a lower bound on some right neighborhood of zero where the sign of 
val M(·) remains constant. Lemma 4 provides a lower bound for polynomial perturbations. In contrast, general 
analytical functions do not allow such a lower bound. For example, consider the function x ⊢→ x sin(1=x), which 
has infinitely many roots arbitrarily close to zero. Therefore, to extend our algorithm, we need to restrict the fam
ily of perturbations allowed and ensure a strictly positive lower bound on root separation.

Functional Form. Algorithm 2 requires a bound on some right neighborhood of zero where the functional form 
of val M(·) and p∗(·) belongs to a particular family of functions. In the case of polynomial perturbations, it is the 
family of rational functions. Moreover, this family of functions must allow an efficient identification procedure, 
that is, recovering a particular function of this family with little information. In the case of rational functions, 
because the degree is bounded, we can identify a function by sufficiently many evaluations.

Uniform Value Positivity. Algorithm 3 requires a finite expansion of the perturbation to terminate. Moreover, 
the functions in the expansion need to be ordered in the following sense. Denote the general perturbed matrix 
game

M(ε) �
XK

k�0
Mk fk(ε):

Then, it must hold that limε→0+ fk(ε)=fk�1(ε) � 0 for all k ∈ [K]. Under this condition, Algorithm 3 can be extended 
to more general perturbations with no changes.

7.2. Constrained Matrix Games
Players may be constrained in the mixed strategies they are allowed to play. A classical restriction over players’ 
strategies is that for each player, their mixed strategy must belong to a polytope strictly included in the set of all 
mixed strategies; that is, they must satisfy finitely many linear inequalities. We can incorporate these restrictions 
in the computation of the value of a matrix game. Indeed, there are two changes one must make to the LP that 
computes the value. First, the constraints over the row-player’s strategies must be incorporated as new con
straints on the feasible strategies p. Second, instead of having an inequality for each action of the column-player, 
we must have an inequality for each vertex of the polytope of feasible strategies for the column-player. To main
tain the polynomial-time complexity of solving the LP, the polytope must have a polynomial number of vertices, 
and its inequalities must be given by rational coefficients of polynomial binary size. Under these conditions, our 
results extend to polynomial matrix games where strategies satisfy linear constraints.

7.3. Perturbed Stochastic Games
Consider a polynomial stochastic game, that is, where the payoff and transition functions are polynomials in some 
parameter δ ∈ R. This model extends linearly perturbed stochastic games, studied in Attia et al. [6]. We are inter
ested in small, positive parameters and focus on the discounted case. For each discount rate ε ∈ (0, 1] and each 
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δ ≥ 0, denote the corresponding discounted value by v(ε,δ). As explained in Section 6, each stochastic game has a 
corresponding family of polynomial matrix games. Consider the family {M[z,ε] : (z,ε) ∈ R × (0, 1]} of polynomial 
matrix games with parameter δ. The following statements are similar to Lemmas 13 and 14 but fix the discount 
rate ε and reformulated in terms of the parameter δ.

Lemma 15. Consider a polynomial stochastic game, and let M[z,ε] be the corresponding polynomial matrix game for some 
fixed parameter z ∈ R and discount rate ε ∈ (0, 1]. Then, M[z,ε] is value positive if and only if v(ε,δ) ≥ z for all sufficiently 
small δ.

Lemma 16. Consider a stochastic game, and let M[z,ε] be the corresponding polynomial matrix game for a fixed parameter 
z ∈ R and discount rate ε ∈ (0, 1]. If there exists a fixed stationary strategy that guarantees z in all ε-discounted polynomial 
stochastic games with sufficiently small δ, then M[z,ε] is uniform value positive.

8. Conclusion
We have studied the stability of matrix games; presented new algorithmic problems called value positivity, uni
form value positivity, and functional form; shown how these problems relate to previous analyses of matrix 
games; and presented polynomial-time algorithms to solve them. Also, we explained the connection of the 
value-positivity problems to the robustness of LPs and presented related problems and the corresponding 
reductions.

Future Directions
Extending the concept of value positivity to the undiscounted value of polynomial stochastic games is very inter
esting. In Bourque and Raghavan [11], Nowak and Raghavan [35], Raghavan and Syed [37], Raghavan et al. [38], 
and Thuijsman and Raghavan [46], it is shown that some classes of stochastic games allow a characterization of 
the undiscounted value similar to Theorem 2 and Lemma 6. For example, when optimal pure stationary strate
gies exist, the value of the game corresponds to one of finitely many candidates. Such property would imply 
algorithms for the value-positivity and functional form problems, whereas the uniform value positivity would 
require an efficient search in the strategy space.
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